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ABSTRACT: Exciton coherence length (ECL) characterizes the spatial extent of coherently
delocalized excited states of molecular aggregates. Constructive/destructive superpositions of
coherent molecular dipoles lead to superradiance/subradiance, where the radiative rate is
enhanced/suppressed compared to that of a single molecule. Longer ECLs correspond to
faster/slower radiative rates for superradiant/subradiant aggregates. However, previous ECL
definitions fail to produce monotonic relationships when exciton−phonon coupling is
considered, even for simple 1D exciton−phonon systems. This problem is exacerbated for 2D
aggregates with both constructive and destructive superpositions. In this Letter, we propose a
novel ECL definition by virtue of sum rule for oscillator strengths, ensuring a bijective and
monotonic relationship between ECL and radiative rate for both 1D/2D superradiant and
subradiant aggregates. Using numerically accurate time-dependent matrix product states, we
study large-scale, exciton−phonon coupled 2D aggregates and predict the existence of
maximum superradiance at finite temperature, in contrast to the previously believed 1/T law.
Our results provide new insights into the design and optimization of efficient light emitting materials.

Molecular aggregates have received widespread interest
due to their promising applications in diverse fields,

such as biological photosynthesis,1,2 organic light-emitting
materials, lasers, energy conversion technologies (e.g., photo-
voltaics and thermoelectrics), and field effect transistors.3−6

Great progress in experiments and theories have deepened the
understanding of the excited states of molecular aggregates�
excitons.7 Excitons in molecular aggregates are collective
excitations comprising superpositions of local excitations,
where molecules subject to photoabsorption exchange
excitation energy through transition dipole−dipole interac-
tions, also known as excitonic coupling.8 Kasha’s theory
models molecular aggregates as linear chains and clarifies them
as J aggregate (with negative excitonic coupling) and H
aggregate (with positive excitonic coupling). In J aggregate, the
local dipole oscillation constructively adds up, resulting in
superradiance enhancement,9−13 which refers to the increased
oscillator strength and thus the radiative rate compared to that
of a single molecule. In contrast, the destructive phase between
the dipoles in H aggregate leads to quenched fluorescence,
known as subradiance.13−16 The ideal exciton is fully coherent
over the entire domain for aggregates composed of N disorder-
f ree rigid molecules at zero temperature, leading to N times
enhancement of the fluorescence rate for J aggregate and
complete quenching for H aggregate. In reality, due to the soft
nature, organic π-conjugated molecules undergo substantial
structure reorganizations upon excitation and the exciton is
spatially localized to a subset of the aggregate in subpico-
seconds or picoseconds due to the coupling to high-frequency
modes13,17 or low-frequency modes.18,19 The exciton coher-

ence length (ECL) measures the spatial distance over which
the exciton is delocalized, and there are other localization
mechanisms including static disorder and temperature.20,21

The ECL dictates the optical response in molecular aggregates
such as superradiance and exciton transport. Chemical systems
such as biological systems, optoelectric functional devices have
been incorporating molecular aggregates with long ECL and
thus enhanced optical responses21−25 to enhance function.
Therefore, gaining a better understanding of how aggregate
properties influence the ECL is of paramount importance. For
1D system, increasing the excitonic coupling leads to larger
ECL, resulting in stronger enhancement/suppression of the
radiative rate for molecular aggregate with negative/positive
couplings. This effect can be tuned by changing the packing
angles, distances between molecules, or number of interacting
molecules.8,16,21 A defining feature of 2D molecular aggregate
is the coexistence of positive and negative couplings,26−30

making it unclear in how the ECL of 2D system changes with
temperature, packing structure, etc.
Unfortunately, ECL has long been poorly defined even for

1D exciton−phonon coupled aggregates. One method to
calculate ECL is through the calculation of the emission
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intensity ratio between 0−0 and 0−1 peak,31 which is limited
to J aggregates consisting of molecules coupled to a high-
frequency intramolecular mode. The exciton reduced density
matrix, which is obtained by tracing the phonon degrees of
freedom of the total density matrix,32,33 is the most relevant
physical quantity to exciton coherence. The reduced density
matrix depicts the system at thermal equilibrium and serves as
the initial state for quantum dynamics simulations of open
quantum systems.34 When the exciton population thermalizes
rapidly on the time scale of exciton lifetime, the Boltzmann
distribution is maintained throughout the radiative proc-
ess,10,35 thereby dictating the radiative decay rate. The exciton
coherence length, which is correlated with the radiative rate,
can therefore be extracted from the reduced density matrix.
Multiple definitions of ECL have been proposed to understand
the coherence and its relation to radiative efficiency.20,36−38

However, their generalization to complex cases is questioned
as different definitions of ECL lead to even qualitative
differences for the temperature dependence of coherence.34

Therefore, the use of these definitions should be cautioned.
The purpose of this Letter is to give a unified definition of ECL
that connects rigorously with the radiative rate in complex
molecular aggregates. Such a definition will guide the rational
design of high-performance 2D molecular aggregates with
properties such as superradiance or efficient exciton transport.
The importance of exciton reduced density matrix cannot be

overstated, yet only a few numerically exact methods have been
employed for its calculation. We recently developed an
algorithm that combined the imaginary time evolution39,40

with the matrix product states (MPS) to accurately calculate
the thermal equilibrium density matrix of the high dimensional
exciton−phonon systems across a broad range of parameter
regimes.41 The optimal matrix product operator (MPO)
factorization of general exciton−phonon Hamiltonians is
automatically generated with a graph theory based algorithm.42

Theoretical studies of the photophysics of molecular
aggregates generally rely on the celebrated Frenkel-Holstein
model:43
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where N molecules are coupled to a set of Nph phonon modes
with frequency ωni and coupling strength gni. Sni = gni2 is also
known as the Huang−Rhys factor. The excitonic coupling Jmn
describes the transition dipole−dipole interaction between
molecules (m ≠ n). an† (an) is the raising (lowering) operator
for local excitation, and bni† (bni) is the phononic creation
(annihilation) operator associated with the ith phonon mode
coupled to the nth molecule. While the charge transfer state is
not considered here, it could also be a contributing factor to
the emission properties, as discovered recently.44−46 We want
to comment that if charge transfer state is involved, the
intermolecular phonon mode could also be important.47,48

Here, we only consider intramolecular phonon. The thermal
equilibrium density matrix ρβ of a mixed state in physical space
P can be obtained by performing the partial trace of the pure
state in the double space P ⊗ Q,
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where β = 1/kBT. The many-body wave function |ψβ⟩ in the
enlarged space is approximated as MPS, as shown in Figure 1.

It is obtained by the propagation of the maximally entangled
state along the imaginary time axis to −β/2 employing the
time dependent variational principle with projector splitting
algorithm.49

The radiative efficiency of the N site molecular aggregate is
defined as the ratio between its oscillator strength over that of
an isolated molecule,
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where INα(ω) is the expression of the dimensionless steady-sate
α-polarized fluorescence spectrum (α ∈ (x, y, z)) for N-site
molecular aggregates. The transition dipole operator

a a( )i
N

i i= +† , Euv = Eu − Ev. |ϕu⟩ and |ϕv⟩ are
eigenstates of the whole system including excitons and
phonons, and they are in the set of ground states and excited
states separately. The integration of I(ω) over frequency is
equal to the oscillator strength. A certified ECL bridges the
radiative efficiency γ and coherence of molecular aggregates.
Different ECLs have been defined as a function of the reduced
density matrix:20,34,36−38
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where L1 corresponds to the variance of the reduced density
matrix, L2 sums the absolute values of the upper triangles of the
reduced density matrix, and L3 makes use of the purity of
density matrix (Tr ρ2 ≤ 1, the equivalence holds for pure
state). All these definitions give a monotonic and bijective
relationship between the ECL and radiative efficiency in the
case of purely excitonic systems (Figure S2), i.e., without
considering the interplay of phonons. After taking the exciton−

Figure 1. Scheme illustrating the mapping of the interacting excitons
coupled with phonons yielding the MPS representation in the
simulations.
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phonon couplings into consideration, we calculate the reduced
density matrix ρ by tracing the phonon degrees of freedom of
the total Boltzmann operator obtained by time dependent
matrix product states for eq 2:

Trph= (8)

with elements a aTr( )mn m n= † containing the coherence
between molecule m and n. Note that there are also
experimental protocols to measure the reduced density matrix
by quantum tomography via ultrafast spectroscopy.33

We select the 2D brick-layer molecular aggregate as the
research object, as illustrated in Figure 2(a), and the reasons

are 2-fold. First, many organic semiconductors based on dyes/
color pigments are packed with the 2D brick-layers including
the first experimentally discovered J aggregate.50,51 Its
importance was recognized for bringing efficient fluorescence,
exciton transport, and hole/electron transport in two
dimensions.23 Second, technically such a setup possesses an
exciton coupling structure that is complicated enough with the
coexistence of positive and negative long-range excitonic
couplings,29 which serves as a very good touchstone to
examine the feasibility of ECLs. We model 2D aggregates
packed with slipped brick-layers with inhomogeneous excitonic
couplings which change strengths and signs for different pairs
of molecules). The slips between molecules can be
experimentally tuned by making use of steric hindrances or
hydrogen bonds.22,27 We change the geometry by adjusting the
slip distance between layers to get different excitonic coupling
patterns. The couplings are distinguished by red for negative

coupling and blue for positive coupling, and the color depth
indicates the strength of couplings. As indicated in Figure 2(a),
the excitonic coupling between two bricks J = μ2(1−3 cos θ2)/
4πϵ0R3, where R is the displacement vector between bricks, θ
is the angle between R and the transition dipole vector , and
ϵ0 is the dielectric constant in the medium.
We first extract two 10-site 1D systems from two axes of the

2D brickwork, corresponding to the case of J > 0 (H
aggregate) and J < 0 (J aggregate) separately, as shown in
Figure 2(b)(c). The benchmarks are shown in Figure S3. Each
molecule couples to two phonon modes: a high-frequency
mode with frequency ω and Huang−Rhys factor S1 ∈ [0, 0.5],
that represents the ubiquitous vinyl stretching/ring breathing
vibration observed in most conjugated molecules, and a low-
frequency mode with frequency 0.1ω that corresponds to such
as torsional motions. Lots of studies employed only a high-
frequency phonon mode for modeling the quantum dynamics
and spectroscopy of molecular aggregates and explaining
experimental results.13 The low-frequency mode also reflects
the effect of static disorder since the phonon moves quite
slowly compared with the exciton when J ≫ ω,52 leading to a
modification of onsite excitation energy that barely changes in
the time scale of exciton motion, as proven analytically53 and
numerically in Figure S1. Our setup considers excitonic
coupling, high and low frequency intramolecular phonons,
and temperature, which is enough to cover a wide range of
coupling regimes to examine the ECLs. We plot the
relationship between ECL with different definitions and γ in
Figure 2. Among the parameters studied in Figure 2, the
excitonic coupling for nearest neighbor coupling is adjusted
from 0.1ω to ω (the absolute values of long-range couplings
are also considered which decrease with 1/|Rij|3 where |Rij| is
the distance between molecules, and the Huang−Rhys factor
of the low frequency mode changes from 0 to 5.0, and the
temperature ranges from 0 to 2.0ω. The chosen parameters
ensure a broad parameter regime that covers from the
localization limit to the delocalization limit. The absolute
values of ECLs are all scaled to let 1 ≤ L ≤ N for comparison
(see eqs 5−7), since we are particularly interested in the ability
of ECLs of reflecting the changes of γ. As shown in Figure
2(b)(c), nonmonotonous and nonbijective correlations
between the radiative efficiency and ECLs are observed, in
contrast to the purely excitonic case presenting monotonic and
bijective relations (Figure S2). It should be noted that L2
correlates monotonically with γ only in superradiant systems,
and not in subradiant systems. In subradiant 1D systems, a
larger ECL should lead to smaller radiative decay rate.44 We
also note the inappropriate faster growing ECL of L1 near the
limit of complete delocalization, which results in the case that
systems have similar ECLs but vastly different radiative
efficiency (Figure S4).
Because of the failure of the available ECLs for 1D systems,

they are generally not suitable to be used in the common real-
world 2D systems, one defining feature of which is the
coexistence of positive and negative couplings, as exemplified
in Figure 2(a). In Figure 3, we change the coupling strength by
adjusting the nearest-neighbor coupling J0 for d = 0 along the

vertical axis, i.e., J
w0 2

2

0
3= where w is the brick width (other

pairs of couplings are calculated with J = μ2(1−3 cos θ2)/
4πϵ0R3). By varying the slip distance d, we observe the change
of γ with ECLs, as shown in Figure 3. In the weak coupling

Figure 2. (a) Illustration of the 2D brick-layer where red/blue colors
represent negative/positive excitonic couplings with the centered
molecule (in white). The relationship between γ and ECL for 1D
selected axis in the 2D setup for (b) J < 0 (c) J > 0.
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case, the ECLs agree well with γ as the slip distance changes.
However, for large couplings, previously defined ECLs display

qualitative differences. This problem appears even in the case
that the exciton−phonon couplings are not taken into account,
see Figure S6.
Against the fact that previously proposed ECLs cannot

correlate well with radiative efficiency, we propose the
following definition:

i
k
jjjjjj

y
{
zzzzzzL

N
1

mn

N

mn

( 1)mn
N

mn

= +
(9)

where Θ(x) is a step function that is −1 for x ≤ 0 and 1 for x >
0. This function builds monotonic and bijective correlation
between ECL and radiative efficiency for superradiant or
subradiant aggregates (see Figure S5) since it utilizes the fact
that the summation of all elements of the reduced density
matrix is equal to the radiative efficiency γ. It is straightforward
to check the equivalence between γ and mn

N
mn, which is a

kind of sum rule d I ( ) Tr( )N = . The computational

Figure 3. (a) J0 = ω and (b) J0 = 2ω for 10 × 10 bricks with open
boundary condition. J0 is the nearest-neighbor coupling along the
vertical axis for d = 0, i.e., the coupling strength for two face-to-face
packed molecules without slips. The phonon mode is with frequency
ω and g = 1.M = 64 is used. ECLs with different definitions have been
scaled for comparison.

Figure 4. (a) The temperature for maximum superradiance for different slip distances and couplings. (b) Four exemplary cases that illustrate the
temperature dependence of γ and Lρ and (c) the corresponding wavefunctions with combining coefficients for the local sites, whose color depth
indicates the oscillator strength of that energy level.
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time can also be greatly saved since it is unnecessary to
perform a dynamical response calculation with expensive real
time evolutions (eq 4) to calculate γ, which enables the
efficient simulation of large-scale systems. It is useful to analyze
the limiting cases. In the complete coherence limit of
superradiant (γ > 1) and subradiant (γ < 1) molecular
aggregates, the reduced density matrix is ideally formulated as

N L N N N1/ , 1/ superradiantmn = = + (10)

N L N( 1) / , subradiantmn
m n= = (11)

In the complete localization limit for both superradiant and
subradiant aggregates

N L N N/ , /( 1) 1mn mn= = + (12)

Starting from the reduced density matrix, a determined value of
ECL is connected with the γ, which is different from previous
definitions that have nonbijective connections. Such a
definition also ensures a linear relationship for the superradiant
case and is also related to the concept of quantum Fisher
information that measures the multipartite entanglement in
quantum metrology of an exciton system.54 As shown in Figure
3, Lρ correlates linearly with the radiative efficiency γ in the 2D
exciton−phonon coupled molecular aggregate.
The new definition of ECL bridges the bijective relationship

with the superradiance enhancement (SRE) of the 2D
aggregate, which is defined as the enhanced ratio of the
oscillator strength of the molecular aggregate over that of an
isolated molecule (γ > 1 in eq 3). We can efficiently obtain the
SRE of a large-scale 2D aggregate (10 × 10). This allows us to
look into the function-structure relationship of 2D aggregates
including but not limited to the brick-layer setup we used here.
We study the temperature dependence of SRE. The temper-
ature dependence of SRE in 2D isotropic systems is well-
described by the 1/T law.55 This behavior has also been
observed experimentally in brick-layer structured 2D systems
with anisotropic intermolecular coupling.26 Specifically, the
maximal SRE is achieved at zero temperature, and SRE
decreases as the temperature is increased.
Here, we predict a new temperature dependence of the SRE

for a slipped 2D molecular aggregate, as shown in Figure 4. We
observe an unusual nonmonotonous temperature dependence
of SRE in the 2D aggregates, and maximal SRE at a finite
temperature (T(γmax) > 0) is possible, in contrary to the
previous 1/T behavior. We plot the temperature when
achieving maximal SRE for different excitonic couplings and
slips in Figure 4(a). The temperature dependence experiences
a transition when temperature increases to a certain point
T(γmax), after which the SRE decreases with increasing
temperature. It is shown that T(γmax) becomes larger for
larger excitonic coupling. We select 4 exemplary cases (A, B, C,
D) in Figure 4(a)(b) with different temperature dependences
for γ and Lρ. The coupling patterns are shown in Figure S7. For
case A, the SRE keeps increasing with the increase of
temperature, which is totally different from a traditional J
aggregate whose SRE decreases as temperature increases. In a
traditional J aggregate, most of the oscillator strengths are
located in the lowest excited state, and the increased
temperature reduces the thermal population on the lowest
state, leading to decreased SRE. In a traditional H aggregate,
the oscillator strengths are located in the highest excited states,
thus the increased temperature increases the population on the
highest states, leading to increased radiative efficiency but will

not exceed 1. Case A totally violates the temperature
dependence of the radiative efficiency of traditional J and H
aggregates: it is superradiant as a J aggregate, but the radiative
efficiency grows with increasing temperature, just like an H
aggregate. Such temperature-activated superradiance has also
been observed in polymer model systems composed of two
chains.13,30 In these systems, the radiative decay rate starts out
as subradiant due to the H-like interactions between chains,
but eventually becomes superradiant due to the J-like
interactions within chains. Case D behaves as a traditional J
aggregate. By contrast, the SRE of cases B and C first increases
with temperature and then decreases.
We explain this by directly diagonalizing the exciton

Hamiltonian and get the wavefunction amplitudes of each
site and the oscillator strength of each energy level in Figure
4(c). We note that the fast phonon does not qualitatively
change the temperature dependence of the SRE, as shown in
Figure S8. The energy of the ground state energy is set as the
zero point. For case A, the energy levels with energy below 0.2
carry very little oscillator strength, while the oscillator strength
concentrates on the high energy level; therefore, γ keeps
increasing with increasing temperature since the occupation of
the bright state becomes larger. At the very low temperature of
case A, the exciton is distributed mainly at the low energy
levels which is very delocalized but with destructive wave-
function amplitudes. It is observed that the radiative efficiency
is lower than 1, which is the characteristic of an H aggregate.
As temperature increases, the occupation of the lowest levels
becomes smaller, and the coherence decreases until γ grows to
1 which marks the transition to the J aggregate. The
occupation of the high coherent level with large oscillator
strengths becomes larger, and the SRE increases with
temperature. Contrary to case A, the SRE and ECL of case
D decreases with increasing temperature since the coherent
bright state is located at the bottom. The coherent bright states
of case B and C are located in the middle of the energy
diagrams; therefore, the SRE experiences a thermal activation
at low temperature, after which it decreases with increasing
temperature.
In summary, our study provided a unified definition of

exciton coherence length (ECL) for exciton−phonon coupled
molecular aggregates. Previous definitions based on variance,
off-diagonal elements, or the purity of reduced density matrix
cannot correlate ECL with the radiative efficiency monotoni-
cally for superradiant and subradiant aggregates, and can lead
to qualitative differences. Our new definition is derived by
virtue of sum rule of oscillator strength, and guarantees a
monotonic and bijective connection between the ECL and
radiative efficiency for 1D/2D superradiant and subradiant
aggregates. The unified ECL serves as an efficient and reliable
quantity to measure coherence related optical properties such
as superradiance in complex systems. We use the numerically
accurate time-dependent matrix product states to investigate
two-dimensional molecular aggregates and rigorously demon-
strate that our ECL connects with the superradiance
enhancement. Our results suggested a new temperature
dependence of superradiance and coherence in 2D aggregates
with brick-wall packing structures. We note that while we can
consider both high and low frequency phonon modes (see
Supporting Information), we acknowledge that our model is an
idealized representation of the real-world systems since realistic
molecular aggregates may have more complex exciton−phonon
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couplings. Our study provides new insights that can be used in
the design of light emitting materials.
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