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In this work, we report, for the first time, an implementation of fermionic auxiliary-field quantum Monte Carlo
(AFQMC) using matrix product state (MPS) trial wavefunctions, dubbed MPS-AFQMC. Calculating overlaps
between an MPS trial and arbitrary Slater determinants up to a multiplicative error, a crucial subroutine in
MPS-AFQMC, is proven to be #P-hard. Nonetheless, we tested several promising heuristics in successfully
improving fermionic phaseless AFQMC energies. We also proposed a way to evaluate local energy and force
bias evaluations free of matrix product operators. This allows for larger basis set calculations without significant
overhead. We showcase the utility of our approach on one- and two-dimensional hydrogen lattices, even when
the MPS trial itself struggles to obtain high accuracy. Our work offers a new set of tools that can solve currently
challenging electronic structure problems with future improvements.
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I. INTRODUCTION

One of the long-standing goals in quantum chemistry and
condensed matter physics is to elucidate the ab initio elec-
tronic structure of interacting fermions [1,2]. Although the
dimension of the Hilbert space grows exponentially with
system size N , most studies rely on numerical techniques
that exploit properties of chemical problems, such as weak
correlation [3,4], low entanglement, and locality [5], etc.
While methods such as density functional theory could often
describe weakly correlated systems well, the computational
challenge remains for strongly correlated systems with non-
negligible dynamic correlation, including transition metal
oxides, iron-sulfur clusters, etc. [6–10]. In the challenging
regimes, the density matrix renormalization group (DMRG)
[11–14] and quantum Monte Carlo (QMC) [15,16] methods
emerge as particularly powerful many-body approaches with
often reduced scaling for target accuracy. This paper explores
the marriage of these two methods in fermionic simulations
and offers insights from complexity theory and numerical
results.

DMRG, a prominent tensor network algorithm, is exten-
sively utilized for studying low-dimensional lattice systems in
condensed matter physics [17] and operates as an approximate
full configuration interaction solver for the active space in
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quantum chemistry [18]. It leverages matrix product states
(MPS) as the underlying wavefunction ansatz and refines
the wavefunction through variational optimization. Represent-
ing arbitrary wavefunctions typically requires MPS’s bond
dimension D to grow exponentially with system size [i.e.,
D ∼ exp(N )]. However, the innate locality in many physical
systems limits the entanglement in the ground state, which
MPS can capture with a constant D in one dimension [19].
The accuracy of DMRG systematically improves with higher
values of D, and its cost scales as O(ND3). In terms of
ab initio fermionic simulations, DMRG solvers have been
limited to a small active space and have been used to han-
dle strong correlation. In contrast, the remaining correlation
outside active space is left out [20]. Currently, DMRG solvers
have become the de facto solvers for active space with emerg-
ing strong correlation. Addressing the dynamic correlation
treatment on top of DMRG requires post-DMRG methods,
which tend to add layers of complexity and elevate compu-
tational demands [21], as they require higher reduced density
matrices (RDMs) beyond two-body RDMs.

Projector quantum Monte Carlo (QMC) stochastically per-
forms imaginary-time evolution to sample the ground state
and efficiently evaluates a statistical estimate for the ground
state energy. Among different types of QMC, auxiliary-field
quantum Monte Carlo (AFQMC) [22,23] has emerged as a
particularly accurate and efficient approach for solving ab
initio problems. AFQMC has gained extensive use in quan-
tum chemistry [24–30]. In recent years, it is also seen as
a powerful tool for quantum computation of chemical sys-
tems in the noisy intermediate-scale quantum era [31–37].
The constraint-free exact AFQMC, known as free-projection
AFQMC, inherently faces an exponential-scaling challenge in
sample complexity due to the notorious fermionic phase/sign
problem. To circumvent this, a trial wavefunction is
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introduced to constrain the phase/sign of the QMC walkers,
referred to as the phaseless approximation [23].

Phaseless AFQMC (ph-AFQMC) effectively controls the
phase problem and is polynomial scaling in sample com-
plexity at the expense of introducing biases. Advancements
in AFQMC research often center around the quest for im-
proved trial wavefunctions [31,38–42]. The accuracy and
scalability of ph-AFQMC hinge on the selection of an ap-
propriate trial wavefunction. Traditionally, the unrestricted
Hartree-Fock (UHF) wavefunction has been the most common
choice of trial due to the good tradeoff between accuracy and
cost. ph-AFQMC with UHF trial has demonstrated success
in solving complex systems such as Hubbard model [43] and
ab initio systems [25]. While single determinant trial wave-
functions are favored for their scalability, their accuracy is
inherently limited, as shown in various applications [38,44–
46]. Recent research on selected configuration interaction trial
wavefunctions has investigated the use of a large number of
Slater determinants, leading to significant enhancements in
accuracy [29], even when the trial wavefunction does not
capture any correlation outside active space [25]. Although
alternative trial wavefunctions may offer benefits in specific
cases, their ability to systematically approach true ground
state accuracy remains an open question [39,40,46,47].

It is an enticing prospect that, for systems too large to be
accurately handled by DMRG alone due to the requirement
of large bond dimension and the large correlation space left
out from DMRG, ph-AFQMC can account for the remaining
electron correlations (i.e., dynamic correlation). Such a goal
can be achieved by exploiting MPS as a trial wavefunction for
ph-AFQMC. While the combination of tensor network states
and projector QMC has demonstrated success in spin model
systems [48,49], such combination has not been shown in ab
initio electronic structure problems. While some flavors of
projector QMC can relatively straightforwardly combine the
two methods, we prove by using complexity theoretic tools
that such a combination for ph-AFQMC is #P-hard in this
work.

One may imagine performing the imaginary time evolu-
tion directly with MPS via the time-dependent variational
principle (TDVP) [50–53], as opposed to relying on QMC
to perform the imaginary time evolution. This approach is
usually used for model systems and is impractical when one
needs to study a large basis set of ab initio systems where
the construction of matrix product operator quickly becomes
intractable [54,55]. We also note that MPS was also used as a
trial wavefunction in quantum-classical hybrid AFQMC [33]
by expanding the MPS as a linear combination of multiple
Slater determinants. This post-processing step for MPS trials
is not scalable due to the exponential growth in the number of
Slater determinants, which is not feasible beyond 20 orbitals.
The objective of this paper is to explore scalable heuristic
approaches to employ the MPS trial obtained via DMRG in
ph-AFQMC, which aims to leverage the strengths of both
methods. The resulting method, dubbed MPS-AFQMC, will
benefit from the strength of DMRG in accurately captur-
ing static correlations within active spaces and the power of
AFQMC in efficiently capturing electron correlation across
the entire set of orbitals. A successful implementation of
such a method will allow for direct, quantitative comparisons

with experiments towards the basis set limit. For higher-
dimensional systems where DMRG may struggle to describe
the ground state efficiently, one could extend our approach to
the PEPS-AFQMC method, where a projected entangled-pair
state (PEPS) is the trial wavefunction. This idea was recently
explored in spin systems [49].

The structure of this paper is as follows. Section II
presents theoretical and computational details developed and
used in this work. Section II A provides a brief overview
of AFQMC. Section II B then summarizes the MPS/MPO
representations of fermionic many-body states and opera-
tors. Section II C provides a detailed introduction to the
MPS-AFQMC algorithm, including various strategies for
calculating the overlap between MPS trial and walker wave-
functions and the computation of force bias and local energy.
Section II D describes the MPO-free technique in MPS-
AFQMC to capture dynamic correlation beyond the active
space by employing the MPS solution in the active space as
the trial. Section III demonstrates the #P-hardness of com-
puting the overlap between the MPS trial and the walker’s
SD. Section IV presents numerical results and discussions,
and Sec. V concludes the paper with suggestions for future
directions.

II. THEORY

A. Brief review of ph-AFQMC

The ph-AFQMC method aims to perform imaginary time
evolution:

|�0〉 ∝ lim
τ→∞ exp(−τ Ĥ )|�0〉 = lim

n→∞(exp(−�τ Ĥ ))n|�0〉,
(1)

where |�0〉 is the exact ground state wavefunction, and |�0〉
is an initial state that satisfying 〈�0|�0〉 �= 0. The repeated
application of short-time propagators implements the limit of
τ = n�τ → ∞. With spin-orbital notation, we can express
the ab initio electronic Hamiltonian in second quantization as

Ĥ =
N∑

p,q=1

hpqâ†
pâq + 1

2

N∑
p,q,r,s=1

gpsqr â†
pâ†

qâr âs, (2)

where the two-electron repulsion integral (ERI) can be fac-
torized with the Cholesky decomposition gpsqr = (ps|qr) =∑Nγ

γ=1 Lγ
psL

γ
qr . Using the Hubbard-Stratonovich transforma-

tion [56], we can write the short-time propagator as

e−�τ Ĥ =
∫

dx p(x)B̂(�τ, x) + O(�τ 2), (3)

where p(x) is a Gaussian distribution and B̂(x) is a one-body
propagator that is coupled to the auxiliary field x. According
to Thouless’ theorem [57], applying B̂(x) to a single deter-
minant results in another (nonorthogonal) single determinant.
Utilizing this property, in ph-AFQMC, we write the global
wavefunction at an imaginary time τ as a weighted sum over
walkers (i.e., single determinants),

|�(τ )〉 =
Nw∑
i

wi(τ )
|ψi(τ )〉

〈�T|ψi(τ )〉 , (4)
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where wi(τ ) is the weight for the ith walker at time τ , |ψi(τ )〉
is the ith walker wavefunction, and |�T〉 is the trial wavefunc-
tion introduced for importance sampling.

In ph-AFQMC, the walker wavefunction, |ψi(τ )〉, is up-
dated upon applying the effective one-body propagator, and
the weight is updated following the phaseless approximation:

|ψi(τ + �τ )〉 = B̂(�τ, xi − xi )|ψi(τ )〉, (5)

wi(τ + �τ ) = Iph(xi, xi, τ,�τ ) × wi(τ ), (6)

where xi is the force bias that dynamically shifts Gaussian
probability distribution, and the phaseless importance func-
tion Iph is given as

Iph(xi, xi, τ,�τ ) = |I (xi, xi, τ,�τ )| × max (0, cos (θi(τ )))
(7)

with the hybrid importance function being

I (xi, xi, τ,�τ ) = Si(τ,�τ )exi ·xi−xi·xi/2. (8)

Here, the overlap ratio of the ith walker is

Si(τ,�τ ) = 〈�T|B̂(�τ, xi − xi )|ψi(τ )〉
〈�T|ψi(τ )〉 (9)

whose phase is

θi(τ ) = arg (Si(τ,�τ )). (10)

The weight update in Eq. (6) ensures the positivity of weights
of all walkers, but it introduces a bias, which can be eliminated
if the trial wavefunction is exact. This cosine projection can
be viewed as constraining open-ended random walks with a
boundary condition set by a trial wavefunction. If the trial
wavefunction is exact, the boundary condition is also ex-
act and thereby ph-AFQMC recovers the exact ground state
energy.

Lastly, we calculate the ph-AFQMC energy as a function
of τ by

E =
∑

i wiEL,i∑
i wi

, (11)

where the local energy of the ith walker is

EL,i = 〈�T|Ĥ |ψi(τ )〉
〈�T|ψi(τ )〉 . (12)

Other details, such as the definition of the force bias and the
one-body propagator B̂(�τ, x), are presented in Appendix A.

B. Brief review of MPS

Here, we briefly review some formalisms for MPS that
will be useful in discussing MPS-AFQMC. A generic ab
initio AFQMC trial can be written as a linear combination of
determinants (i.e., product states)

|�T〉 =
∑
{n}

Cn1n2···nN |n1n2 · · · nN 〉, (13)

where |n1n2 · · · nN 〉 (ni ∈ {0, 1}) is an occupancy basis state of
N spin-orbitals {φ1φ2 · · · φN } and the coefficients C is a vector
of dimension of dN with d = 2. The MPS representation is
written as

|�T〉 =
∑

{a},{n}
An1

a1
· · · Ani

ai−1ai
· · · AnN

aN−1
|n1 · · · ni · · · nN 〉

, (14)

where the tensor Ani
ai−1ai

is a three-dimensional entity with
dimensions (Di−1, d , Di). Without compression, Di−1 equals
di−1 and Di equals di. In MPS-AFQMC, we variationally
optimize an MPS with a preset bond dimension DT and use it
as an AFQMC trial. The larger DT value, the more closely the
trial wavefunction approximates the ground state wavefunc-
tion. The matrix product operator (MPO) of the Hamiltonian
in Eq. (2),

Ĥ =
∑

{w},{n},{n′}
W

n′
1,n1

w1 W
n′

2,n2
w1w2 · · ·W n′

N ,nN
wN−1

× |n′
1n′

2 · · · n′
N 〉〈nN nN−1 · · · n1|

, (15)

can be expressed in the spin-orbital basis using the Jordan-
Wiger transformation [55,58,59]. While we have an MPO-free
formulation of our approach in Sec. II D, we found that using
MPOs can greatly accelerate the simulations for minimal basis
set examples.

C. MPS-AFQMC

In this section, we introduce the MPS-AFQMC algorithm,
as illustrated in Figs. 1(a)–1(c), which integrates the MPS trial
into ph-AFQMC. Here, we apply the propagator to walkers (as
one-body rotation) so that no approximation is made in this
step. To update the weights, one must evaluate the overlap
between the MPS trial and walkers and the force bias. Fur-
thermore, local energy must be calculated to estimate the final
ph-AFQMC energy. Evaluating these quantities is straight-
forward if walkers were also in the MPS format. Therefore
the central subroutine in MPS-AFQMC is the conversion of
walker wavefunctions (i.e., Slater determinants in an arbitrary
basis) into an MPS. This step can be done only approximately
in practice, and therefore, MPS-AFQMC will inherently have
errors in overlap, force bias, and local energy evaluation.
Below, we will discuss the heuristics that we examined to
perform this step.
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(a) (c)

(b) (d)

FIG. 1. Overview of MPS-AFQMC with the walker in the Gaussian MPS form. (a) Evaluating the overlap between the walker and trial
whose active space component is an MPS wavefunction. (b) The workflow of a general AFQMC algorithm where the computation of force
bias, overlap and local energy are performed, which is described in (c) when a MPS trial is used. In (c), without loss of generality, we assume
both walker and MPS trial are in the active space. (d) describes the process of construct the Gaussian MPS for the walker Slater determinant.

1. Slater determinants in an arbitrary basis

In ph-AFQMC, the walker wavefunction is a Slater deter-
minant in an arbitrary basis,

|ψ〉 =
Ne/2∏
i=1

ĉ†
ui↓ĉ†

ui↑ |0〉, (16)

where we assumed an equal number of spin up and spin
down fermions (N↑ = N↓ = Ne/2) for simplicity in this work,
and the “walker orbital” creation operator ĉ†

iσ = ∑N
p=1 U σ

pi â
†
p

defined through a unitary transformation U of the initial or-
bitals {â†

p}. The matrix U is complex-valued in the context
of AFQMC, as indicated by Eqs. (A6) and (5). By order-
ing the walker orbitals as an alternating spin-orbital series,
{↑↓ · · · ↑↓ · · · ↑↓}, the parameterized matrix U exhibits the
checkerboard pattern,

Up,i =

⎧⎪⎪⎨
⎪⎪⎩

U ↓
p/2,i/2 if p, i are even

U ↑
(p+1)/2,(i+1)/2 if p, i are odd

0 otherwise

. (17)

Using this checkerboard ordering, we write

|ψ〉 =
Ne/2∏
i=1

N∑
p even
q odd

UpiUqiâ
†
pâ†

q|0〉, (18)

where â†
p, â†

q are consistent with those defined in Eq. (2).
Our goal is to form an MPS representation of Eq. (18) in
the original orbital basis {â†

q} such that subsequent operations
with an MPS trial (also in the original orbital basis) become
straightforward.

2. Slater determinant to Gaussian MPS

A direct formulation of creation operators into MPOs
[60,61] in Eq. (18) runs into steep computational cost due to
the long-rangedness of the operators, as examined by Fig. 14.
The approach presented by Fishman and White [62] circum-
vents this by decomposing products of creation operators into
a sequence of short-ranged operators with only nearest neigh-
bor couplings (i.e., two-qubit Givens rotation gates). Here, we
summarize the relevant part of the algorithm and modifica-
tions for our use in ph-AFQMC.

The correlation matrix (or one-body reduced density ma-
trix) of a SD |ψ〉 is � = UU †,

�pq = 〈φp|φq〉 =
∑

i

Up,i(Uq,i )
∗. (19)

The correlation matrix � is a N × N matrix that takes
the checkerboard pattern with alternating spin ordering in
Eq. (17). The algorithm starts with compressing a given SD as
a Gaussian MPS (GMPS). We start from site 1 and move to the
next site until we reach the last site. At site 1, we first diago-
nalize a B × B (2 � B � N) upper left subblock of �, denoted
as �B1 . B sets the correlation length within GMPS, and B = N
recovers the full matrix diagonalization. The eigenvalues of
this subblock, nb, lie between 0 and 1. In the case of full matrix
diagonalization of �, there will be N↑ + N↓ eigenvalues equal
to 1, with the remaining N − (N↑ + N↓) eigenvalues being 0.
As we increase B, at least one eigenvalue will progressively
approach either 1 or 0. An adaptive threshold value εad is
set to control the block size, which applies to determine the
proximity of an eigenvalue to 1 or 0. Consequently, a smaller
εad results in a larger block size B. The smaller this threshold,
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the more precise the compression becomes. Setting εad to 0
allows for an exact conversion of SD to a GMPS.

Upon diagonalization of the correlation matrix, we obtain
a set of two-qubit Givens rotation gates that contribute to
the final GMPS. Once the specified threshold is met, the
eigenvector �vT = (v1, v2, . . . , vB) is chosen, based on its cor-
responding eigenvalue nb1 being nearest to either 0 or 1. This
selection is facilitated through the application of a transforma-
tion matrix �vT VB1 = (1, 0, . . . , 0), where VB1 denotes a series
of local transformations that are associated with site 1:

VB1 = VB−1(θB−1)VB−2(θB−2) · · ·V1(θ1), (20)

Vi(θi ) =

⎛
⎜⎜⎜⎜⎜⎜⎝

1
1

(cos θi )∗ − sin θi

(sin θi )∗ cos θi

1
1

⎞
⎟⎟⎟⎟⎟⎟⎠

, (21)

which is an identity matrix except from the ith and (i + 1)th
rows and columns, and θi = tan−1 (vi+1/vi ). The correlation
matrix is then transformed into

V T
B1

�V ∗
B1

=
(

nb1

�′

)
(22)

with the top left entry becoming nb1 , and the rest of the
elements of the first row and the first column should be nearly
zero as long as a tight enough εad was chosen. Then we move
to site 2 and pick the subblock �B2 with the block size of
B (2 � B � N − 1) which is the top left entry of (V T

B1
�V ∗

B1
)

starting from (V T
B1

�V ∗
B1

)2,2. After reaching the threshold, we
have an eigenvalue nb2 of subblock B2 that is close to 0 or 1.
Another transformation matrix VB2 leads to

V T
B2

V T
B1

�V ∗
B1

V ∗
B2

=
⎛
⎝nb1

nb2

�′′

⎞
⎠. (23)

By repeating this procedure for the rest of the sites, the corre-
lation matrix is finally transformed into a diagonal matrix

V T
BN−1

· · ·V T
B1

�V ∗
B1

· · ·V ∗
BN−1

=

⎛
⎜⎜⎝

nb1

nb2

nbN

⎞
⎟⎟⎠

= U0U
†
0 . (24)

This diagonal matrix corresponds to a correlation matrix of
a product state |ψ0〉 = |nb1 nb2 · · · nbN 〉 occupying the natural
orbitals {φ̃1φ̃2 · · · φ̃N } where nb ∈ [0, 1] with 1 representing
occupied and 0 representing unoccupied, and U0 is the param-
eterized matrix for the SD of |ψ0〉, To go back to the original
single-particle basis, we can use

U = VB1 · · ·VBN−1U0. (25)

This sequence of 2-by-2 rotations defines the GMPS state
corresponding to the original SD state.

Using this, we can represent walker states as

|ψ〉 = V̂B1 · · · V̂BN−1 |ψ0〉, (26)

where |ψ0〉 can be represented as an MPS whose bond dimen-
sion is 1,

. (27)

The MPS representation of |ψ〉 can be obtained by applying a
sequence of Givens rotations, as shown in Fig. 1(d). This gate
application to the initial state converts the GMPS into an MPS.
Each V in Eq. (21) becomes a two-qubit gate that is used to
represent the Givens rotation in Eqs. (20) and (21):

Ĝi(θi) =

⎛
⎜⎜⎝

1 0 0 0
0 (cos θi )∗ − sin θi 0
0 (sin θi )∗ cos θi 0
0 0 0 1

⎞
⎟⎟⎠. (28)

The two-qubit gate is written under the site occupation ba-
sis of {|00〉 , |01〉 , |10〉 , |11〉} for the ith and (i + 1)th spin
orbitals where 0 refers to unoccupied spin and 1 refers to
occupied spin.

Successive applications of Givens rotations result in a
growing bond dimension of the MPS. Consequently, it be-
comes necessary to approximate the corresponding quantum
circuits by employing singular value decomposition (SVD)
compression with a fixed bond dimension.

. (29)

For approximate contractions, we introduce a parameter,
called walker bond dimension (Dw), that caps the bond dimen-
sion during the Givens rotation circuit evaluation as shown
in Eq. (29). The tradeoff between accuracy and cutoff in this
strategy is controlled by εad and Dw. Additional strategies and
details are provided in Appendix B.

3. Overlap, force bias, and local energy

Once the walker wavefunction is converted to an MPS
format, the overlap can be computed by contracting it with
the trial, as shown in Eq. (30).

. (30)

The computation of force bias boils down to performing
the following evaluation:

x̄γ = i
√

�t
∑

pq

Lγ
pq

〈�T|â†
pâq|ψ〉

〈�T|ψ〉 . (31)

There are two ways to compute it. Most AFQMC codes com-
pute the one-body Green’s function first [24]. Then the force
bias can be computed by simply contracting Gpq and Lγ

pq.
However, this approach is expensive in our context because
it requires contraction of the MPS trial with MPO â†

pâq and
walker MPS for each p and q. Instead, we loop over all
auxiliary fields since the number of fields is usually small,
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TABLE I. Computational costs for the subroutines of MPS-
AFQMC. d = 2 is the physical degrees of freedom of MPS [Eq. (14)]
and B is the block size of the corresponding GMPS.

Method Leading order scaling

SD-to-MPS O(NBd3D3
w)

Overlap O(NdDTD2
w)

Force bias O(NdDcholD2
w)

Local energy O(NdDhrD2
w)

and for each field α, we express v̂α as the form of MPO,

. (32)

The computation of local energy is completely analogous to
force bias. In practice, we precompute the MPS of 〈�T|v̂α

and 〈�T|Ĥ and compress them to maximize the computa-
tional efficiency. This amounts to the “half-rotation” used in
the AFQMC literature [26]. Shared memory allocation is uti-
lized across all AFQMC child processes if these half-rotated
MPSs require substantial memory. The bond dimension of the
Hamiltonian MPO can also be made smaller by screening the
integrals while preserving the accuracy.

We denote the bond dimension of the half-rotated MPS for
〈�T|v̂α and 〈�T|Ĥ as Dchol and Dhr separately. Both Dchol

and Dhr can be further compressed. While the Cholesky op-
erator v̂α = ∑

pq Lα
pqa†

paq only contains one-body operators,
the compression is very efficient. As for Dhr, the exact Dhr

is equal to DTDH where DH is the MPO bond dimension of
the Hamiltonian. When the trial state becomes more accurate,
the compression of Dhr becomes more efficient since in the
limit of approaching ground state, Dhr can be compressed
to be DT without losing accuracy. The numerical example
will be shown in Sec. IV C 2. In Table I, we summarize the
leading order computational scaling for the subroutines of
MPS-AFQMC.

D. Virtual correlation energy

In the case of using MPS as the trial wavefunction for the
“active space,” we provide an algorithm for calculating the
correlation energy outside the active space. This step is essen-
tial for achieving convergence in simulation results towards
the basis set limit (or the continuum limit). The correlation
energy outside the active space will be called the “virtual
correlation energy” [31]. Compared to existing dynamic cor-
relation methods, the uniqueness of our approach is that we
can calculate the overlap, force bias, and local energy of the
entire single-particle space using overlap evaluations between
the trial and walkers only within the active space.

The original proposal in Ref. [31] had a significant over-
head in evaluating the local energy using overlap, resulting
in the cost being O(N4) more expensive than the overlap
evaluation. Here, we show how to remove such an overhead
using ideas from differentiable programming. Furthermore,

the original proposal did not provide implementation details,
even for the overlap evaluation. We provide the complete
details below.

We begin by writing the trial wavefunction as

|�T〉 = |�c〉 ⊗ |�T,a〉 ⊗ |0v〉, (33)

where |�T,a〉 is the MPS trial wavefunction within the ac-
tive space with Na electrons, |�c〉 is a Slater determinant
composed of occupied orbitals with Nc electrons outside the
active space (i.e., frozen core orbitals), and |0v〉 is the vacuum
state in the space of unoccupied orbitals (i.e., frozen virtual
orbitals). The trial wavefunction with the above form can
always be expanded by

|�T〉 = |�c〉 ⊗
∑

i

ci|χi〉 ⊗ |0v〉, (34)

where |χi〉 is the ith Slater determinant within the Hilbert
space of the active space. We use this uncontracted form only
for demonstration purposes and emphasize that our algorithm
directly uses the MPS trial without converting it into a set of
determinants.

a. Overlap. With this form, the overlap between trial and
walker reads

∑
i

ci〈�cχi0v|ψ〉 =
∑

i

ci det

⎛
⎜⎝

⎛
⎝ �c 0

0 χi

0 0

⎞
⎠

†⎛
⎝ψc

ψa

ψv

⎞
⎠

⎞
⎟⎠,

(35)
which equal to

〈�cχi|ψ〉 = det

(
�†

cψc

χ
†
i ψa

)
, (36)

where ψc and ψa are Na + Nc column MO coefficient matrices
over the molecular orbital basis. �c is diagonal with ones up
to the number of core electrons and zeros elsewhere. While
virtual orbital degrees of freedom no longer appear, this form
still contains core degrees of freedom.

To further remove the core degrees of freedom, we perform
SVD on

�†
cψc = Uc�cV

†
c , (37)

where Uc ∈ CNc×Nc and Vc ∈ C(Na+Nc )×Nc. Then, we de-
fine new unitary matrices U ∈ C(Na+Nc )×(Na+Nc ) and V ∈
C(Na+Nc )×(Na+Nc ) by padding orthonormal vectors to Uc and Vc,

U =
(

Uc 0
0 I

)
, V = (Vc | V ′). (38)

With these new unitary matrices, we can rewrite the overlap
in Eq. (36) as

〈�cχi|φ〉 = det

(
U †

(
�c

χi

)†(
ψc

ψa

)
V

)

= det(�c) det(χ†
i ψ̃a) det(R), (39)

where ψ̃a is the normalized Slater determinant within the ac-
tive space, and det(R) is the normalization matrix obtained by
performing QR decomposition of the matrix ψaV ′. Therefore
computing the overlap between the trial and Slater determi-
nant in the total space only requires the evaluation of the
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TABLE II. Computational costs of the subroutines relative to the
cost of overlap.

Method Cost Relative to Overlap

Overlap O(1)
Force biasa O(1)
One-body energy O(1)
Two-body energy O(Nγ )

aWe assume an implementation based on algorithmic differentiation.

overlap between the MPS trial and SD in the active space,

〈�T|ψ〉 = det(�cR)〈�T,a|ψ̃a〉, (40)

which we already know how to compute, as described in
Sec. II C. We will show that the computation of force bias and
local energy can be performed by differentiating overlap.

b. Force bias.

〈�T|v̂γ |ψ〉
〈�T|ψ〉 =

∂〈�T|eλγ v̂γ |ψ〉
∂λγ

∣∣∣
λγ =0

〈�T|ψ〉 = ∂ ln 〈�T|eλγ v̂γ |ψ〉
∂λγ

∣∣∣∣
λγ =0

,

(41)
where eλγ v̂γ |ψ〉 is a SD by rotating the walker’s SD |ψ〉.
Therefore the function ln 〈�T|eλγ v̂γ |ψ〉 in Eq. (41) corre-
sponds to the overlap value between trial and the rotated SD
(see Eq. (40) and the derivative at λγ = 0 can be computed
with finite difference approximations or even algorithmic dif-
ferentiation [30]. When using algorithmic differentiation, one
could obtain a O(Nγ ) speed-up compared to the naïve deriva-
tive implementation.

c. Local energy. In Sec. II C 3, we introduced using MPO
to compute the local energy, which is not possible within the
context of considering both active space, frozen cores, and
frozen virtuals. The local energy can be computed similarly to
that of force bias without using MPO. Previously, the deriva-
tive method was also proposed to compute the local energy
in the context of real space QMC [63] and shifted-contour
AFQMC [64,65]. Especially for the one-body term, we re-
place v̂γ with

∑
pq hpqa†

paq,

E1 = ∂ ln〈�T|eλ
∑

pq hpqa†
paq |ψ〉

∂λ

∣∣∣∣
λ=0

, (42)

which requires a derivative of an overlap evaluation between
|�T〉 and a SD. For the two-body term,

E2 = 1

2

〈�T| ∑γ

∑
pqrs Lγ

pqLγ
rsa†

paqa†
r as|ψ〉

〈�T|ψ〉 , (43)

where

〈�T|
∑
pqrs

Lγ
pqLγ

rsa
†
paqa†

r as|ψ〉 = ∂2〈�T|eλ
∑

pq Lγ
pqa†

paq |ψ〉
∂λ2

∣∣∣∣∣
λ=0

.

(44)

Then, the mixed partial derivative can be computed using a
finite difference approximation.

We note that these apply to arbitrary trial wavefunctions.
For instance, they will be critically important in accelerating

quantum-classical AFQMC algorithms with matchgate shad-
ows where classical post-processing has been claimed to scale
O(N8) [34,66] per walker per shadows sample, which can be
reduced to O(N4−5) with our approach.

III. COMPLEXITY OF GAUSSIAN-MPS OVERLAPS

In general, the classical simulation of quantum computa-
tions (and, more generally, the evaluation of tensor networks)
is hard. However, there are certain classes of computa-
tions (and tensor networks) that are classically tractable.
The most familiar such class consists of stabilizer states
and circuits [67] (and their generalization, affine tensor net-
works [68]), also known as Clifford circuits. Another class
consists of Gaussian states and circuits [69] (and their gen-
eralization, matchgate tensor networks [70]). The last known
class consists of states and circuits expressible by bounded-
treewidth tensor networks [71]. An MPS with a bounded
bond dimension is one example of a bounded-treewidth tensor
network.

All three classes can be extended to universality by adding
certain gates or states outside the class (e.g., “Clifford+T”).
The classical simulation time then typically scales expo-
nentially with the number of such additional resources.
Importantly, the “magic” resource extending each class can
be taken from either of the other two classes. Here we
show one such instantiation of this idea, that, under standard
complexity-theoretic assumptions, it is hard to compute the
overlap of a (pure) Gaussian state |ψG〉 with a state |ψNG〉
that is both a stabilizer state and an MPS with constant bond
dimension. This is stated formally in Theorem 1.

Theorem 1. Let |ψG〉 be a normalized Gaussian state and
|ψNG〉 be either a normalized stabilizer state or a normalized
MPS with bond dimension O(1), both of n qubits. Then esti-
mating | 〈ψG|ψNG〉 | to within multiplicative error <1/

√
2 is

#P-hard under P-reduction.
After some introductory material in Sec. III A, we will

prove Theorem 1 in Sec. III B.

A. Background

Definition 2 (Affine). An affine tensor network is a tensor
network; all of its tensors are affine tensors. An affine tensor
f : {0, 1}r �→ C is one defined by a constant λ ∈ C, a matrix
A ∈ Zl×(r+1)

2 , and a symmetric matrix Q ∈ Z(r+1)×(r+1), such
that

f (x) = λ · χA·(x̃,1)i
x̃T Qx̃, (45)

where x̃ = (x1, . . . , xr, 1) is just x with 1 appended and

χAx =
{

1, Ax = 0,

0, otherwise (46)

is the indicator function of the affine relation defined by A. A
(pure) stabilizer state (also known as a Clifford state) is simply
an affine tensor network that has unit Euclidean norm (i.e., is
a normalized quantum state).

Definition 3 (Matchgate). A matchgate tensor
f : {0, 1}r �→ C is one defined by a weighted planar graph
G = (V, E ,w), with r vertices identified as “external” such
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that

f (x) =
∑

M∈PerfectMatchings(Gx )

∏
e∈M

w(e), (47)

where Gx is the subgraph of G induced by the vertices
{v : xv = 0} and PerfectMatchings(H ) is the set of perfect
matchings of a graph H . A (pure) Gaussian state is simply
a matchgate tensor that has unit Euclidean norm. A Slater
determinant is a Gaussian state with the further restriction that
its support is on a single Hamming level, i.e., ‖x‖1 = k for
some k.

Importantly, because of the planarity requirement, and un-
like with affine tensors, the ordering of the legs of a matchgate
tensor matters. Every two-qubit unitary matchgate can be
specified by two one-qubit unitaries A and B with det A =
det B. Specifically, G(A, B) acts as A on the even subspace
{|0, 0〉 , |1, 1〉} and as B on the odd subspace {|0, 1〉 , |1, 0〉}.
We will not define the treewidth of the tensor network; see
[72] for more details. It will suffice to note that an MPS of
bond dimension d has treewidth O(d ).

B. Proof of overlap hardness

The main idea for showing the hardness of computing the
overlap of interest is to show that it is essentially equivalent
(up to scaling and with some blowup in the number of qubits)
to computing the output amplitude of an arbitrary quantum
circuit. This is captured in Lemma 4.

Lemma 4. Given a quantum circuit C on n qubits and
containing m = poly(n) one- and two-qubit gates, there is a
normalized Gaussian state |ψG〉, a normalized state |ψNG〉, and
an s = poly(n) such that

〈0n|C|0n〉 = 4s 〈ψG|ψNG〉 , (48)

|ψG〉 and |ψNG〉 are states of n′ = poly(n) qubits, and |ψNG〉 is
both a stabilizer state and an MPS with bond dimension O(1).

Proof. First, we define a new circuit CNN that is equivalent
to C except that all of its two-qubit gates only act on neighbor-
ing qubits, for some linear ordering of the qubits. The simplest
way of doing so is, for every gate acting on qubits i and j, to
insert a series of swap gates bringing the state on qubit j to
qubit i + 1. This introduces at most n − 1 swap gates, so that
CNN has at most mNN � nm gates. Note that the final ordering
of the qubits does not matter because we are only calculating
the overlap of the output state with |0n〉.

Next, we define a circuit Cswp that compiles each two-qubit
gate into a sequence of matchgates and swaps (on the same
two qubits). There are many ways of doing this. One way
is to start with the compilation of each gate of CNN into
single-qubit gates and (at most 3) CNOTs. Then turn each
CNOT into a CZ by inserting a Hadamard on the target qubit
on each side of the CNOT. Lastly, replace each CZ by a swap
and a fermionic swap. The resulting circuit Cswp still acts on
the original n qubits and has mswp = O(mNN) = O(nm) gates.
Note that all single-qubit gates and the two-qubit fermionic
swap are matchgates, so the only nonmatchgates contained in
Cswp are the swaps.

|ψ0

|ψ1

|M

|ψ1

|ψ0

|0
|0
|0
|0

G(H, H)

G(H, H)

FIG. 2. Gadget for implementing a swap gate using only match-
gates and the magic state |M〉. Every intersection of two-qubit wires
indicates a fermionic swap. The dashed lines indicate the arbitrary
number of qubits between the two to be swapped and the ancilla
register containing the magic state.

In the last transformation, we introduce the magic state

|M〉 = 1
4 (|0, 0, 0, 0〉 + |0, 1, 0, 1〉 + |1, 0, 1, 0〉
+ |1, 1, 1, 1〉). (49)

Importantly, |M〉 is both a stabilizer state and an MPS of
constant bond dimension. Let s be the number of swap gates
in Cswp. We construct a new circuit Cmgc that acts on nmgc =
nswp + 4s qubits in the following manner. Start with Cswp.
Identify each swap gate in Cswp with a four-qubit ancilla
register. Then replace the swap gate in Cswp with the gadget
described in Fig. 2, consisting of a series of fermionic swaps
and two G(H, H ) gates. If we start with the magic state |M〉
on the ancilla register and project at the end onto |04〉, the
overall effect is to implement the swap, with an additional
scale factor.

To see how the gadget works, let us zoom in on the part in
between the swaps. It will be sufficient to show that it works
for computational basis states |ψ0, ψ1〉 = |x0, x1〉.

(〈0, 0| ⊗ I2 ⊗ 〈0, 0|)(G(H, H ) ⊗ I2 ⊗ G(H, H )) |x0〉 |M〉
× |x1〉 (50)

= 2−1
∑

y1,y4∈{0,1}
(〈y1, y1| ⊗ I2 ⊗ 〈y4, y4|) |x0〉 |M〉 |x1〉 (51)

= 2−2
∑

y1,y2,y3y4∈{0,1}
(〈y1, y1| ⊗ I2 ⊗ 〈y4, y4|) |x0〉

× |y2, y3, y2, y3〉 |x1〉
(52)

= 2−2(〈x0, x0| ⊗ I2 ⊗ 〈x1, x1|) |x0〉 |x0, x1, x0, x1〉 |x1〉
(53)

= 2−2 |x1, x0〉 , (54)

where we used the fact that

G(H, H ) |0, 0〉 = 2−1/2
∑

x∈{0,1}
|x, x〉 . (55)
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Overall, this implies

〈0n|C|0n〉 = 〈0n|CNN|0n〉 (56)

= 〈0n|Cswp|0n〉 (57)

= 4s 〈0n+4s|Cmgc|0n, Ms〉 . (58)

Defining

|ψNG〉 = |0n, Ms〉 , (59)

|ψ[G〉 = C†
mgc |0n+4s〉 (60)

completes the proof.
Finally, we get to the proof of the main result.
Proof. We reduce the problem of estimating the output

probability of a quantum circuit. Specifically, we show that
polynomial-time algorithm that produces an approximation to
the magnitude of the overlap | 〈ψG|ψNG〉 | with multiplicative
error <1/

√
2 can be used to construct a polynomial-time al-

gorithm to produce an approximation to the output probability
| 〈0n|C|0n〉 |2 with multiplicative error <1/2, which is #P-hard
[corollary 9 [73]].

Consider a circuit C on n qubits and containing m =
poly(n) gates. By Lemma 4, we can efficiently construct
normalized states |ψG〉 and |ψNG〉 such that 〈0n|C|0n〉 =
4s 〈ψG|ψNG〉, where s = poly(n) is known from the construc-
tion. Suppose that we can produce an estimate v̂ > 0 to
| 〈ψG|ψNG〉 | with multiplicative error <1/

√
2, i.e.,

1√
2
|〈ψG|ψNG〉| < ĉ <

√
2|〈ψG|ψNG〉|. (61)

Then v̂′ = 16sv̂2 is an estimate of | 〈0n|C|0n〉 |2 with multi-
plicative error <1/2:

1

2
| 〈0n|C|0n〉 |2 =

(
1√
2

4s| 〈ψG|ψNG〉 |
)2

, (62)

< 16sv̂2 = v̂′, (63)

<
√

2 · 4s| 〈ψG|ψNG〉 |2 = 2| 〈0n|C|0n〉 |2.
(64)

In other words, the ability to compute an estimate v̂ to the
overlap with multiplicative error <1/

√
2 yields the ability to

compute an estimate v̂′ to the output probability with multi-
plicative error <1/2, which is #P-hard.

IV. RESULTS AND DISCUSSION

The focus now shifts to investigating practical implemen-
tation and performance evaluations of MPS-AFQMC. We
proved the combination of MPS and AFQMC is #P-hard but
have several classical heuristics to implement MPS-AFQMC.
How the formal complexity limits average-case chemistry ap-
plications is unclear, and this is what we hope to investigate
numerically.

The one- and two-dimensional hydrogen lattice models
display rich many-body effects [74] and serve as a testbed for
electronic structure methods where strong correlation is con-
trolled by inter-hydrogen distances [46,75]. For instance, the
ab initio hydrogen lattice in a minimal basis closely resembles
the Hubbard model, augmented with long-range Coulomb
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FIG. 3. Comparing performance of GMPS-to-MPS, bipartite
strategies for the overlap calculation across different sybstems.
(a) The relative error, the walker MPS’s bond dimension and CPU
time of performing SD-to-MPS, averaged over 3200 equilibrated
walkers of H20, as a function of the threshold for the bipartite ap-
proach (εtrunc) and the GMPS-to-MPS approach (εad). The maximal
bond dimension of the GMPS-to-MPS approach is set as 1000.
The reference overlap values are taken from the bipartite approach
with truncation threshold 10−7. (b) The averaged relative error and
averaged CPU time as a function of walker MPS’s bond dimension
for H50. The reference values are taken from the bipartite approach
with truncation threshold 10−4. The bipartite results are obtained
with εtrunc ∈ [10−1, 10−2, 10−3, 10−4].

interactions. Larger basis sets employ many orbitals per site,
as in typical materials simulations. We consider these systems
below for numerical explorations of our heuristics.

We utilize PYSCF [76] to obtain the electron integrals for
the Hamiltonian in Eq. (2) and conduct preliminary elec-
tronic structure calculations such as Hartree-Fock. These
integrals are then supplied to subsequent DMRG and AFQMC
calculations. DMRG calculations are performed with the
RENORMALIZER [53,77] package. The MPS-AFQMC algo-
rithm is developed in the AFQMC package IPIE [78–80].

A. Comparisons of the SD-to-MPS strategies

As mentioned, in ph-AFQMC calculations, the overlap
between trial and walker wavefunctions is the central quantity
to calculate when performing the phaseless approximation. In
this section, we compare the performance of different strate-
gies for this task in terms of accuracy and efficiency. The
approaches we consider are GMPS-to-MPS, bipartite, and
perfect sampling, as outlined in Sec. II C 2 and Appendix B.
To see this, in Fig. 3, we employ one-dimensional hydrogen
chains with varying system sizes and inter-atomic distances.

Both bipartite and GMPS-to-MPS approaches involve con-
verting the walker to MPS with some bond dimension Dw

before computing the overlap with the MPS trial. We aim
to understand the tradeoff between accuracy and cost set by
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different Dw. First, we compare these two approaches for
H20 in a minimal basis with r = 3a0 (a0 represents the Bohr
radius). In Fig. 3(a), we investigate the impact of the thresh-
old εtrunc, which denotes the coefficient truncation threshold
in the bipartite method [as defined in Eq. (B5)], and the
threshold εad, which adaptively controls the block size in
the GMPS-to-MPS conversion. Tightening the threshold for
the bipartite strategy enhances the precision and increases the
bond dimension of the walker MPS, albeit with a slightly
increased time cost. Unlike the bipartite approach, which
utilizes a single parameter to control the conversion accu-
racy, the GMPS-to-MPS approach relies on two quantities:
the adaptive threshold, which determines the block size and
hence the number of gates, and the maximum allowed bond
dimension during compression. Here, we cap the maximum
bond dimension at 1000 and tune only the adaptive threshold
εad. Tightening the threshold initially leads to a decrease in
error but eventually to an increase in error. This arises because
a smaller threshold leads to a larger block size and, hence,
more gates to be applied, resulting in a higher bond dimension
for achieving the same level of accuracy. For εad � 10−5, the
GMPS-to-MPS approach strikes a good balance between the
cost and accuracy. The bipartite method demonstrates greater
cost-effectiveness and accuracy for H20 overall.

For larger systems (e.g., H50), the bipartite approach be-
comes significantly more expensive, as illustrated in Fig. 3(b).
The error and computational cost of the bipartite and GMPS-
to-MPS approaches with different thresholds are analyzed
as a function of the walker bond dimension in H50. We se-
lect εtrunc values ranging from 0.1, 0.01, 0.001, to 0.0001
for the bipartite approach, where each threshold yields an
MPS with a different bond dimension Dw. For the GMPS-
to-MPS approach, we maintain the maximum allowed Dw

at 1000 and adjust the adaptive threshold εad. The refer-
ence values of the overlap are obtained from the bipartite
approach with εtrunc = 0.0001. It is observed that for simi-
lar walker bond dimensions Dw, the bipartite approach still
achieves higher accuracy but at the cost of substantially longer
computational times. For example, when compared to the
GMPS-to-MPS approach with εad = 0.001 and Dw = 200, the
accuracy of the bipartite approach with εtrunc = 0.01 is compa-
rable, yet the computational time is approximately 1000 times
slower.

Similarly to H20, tightening the threshold for the GMPS-
to-MPS approach results in decreased accuracy for a fixed
bond dimension, Dw. In principle, a tighter threshold should
lead to improved accuracy, provided that no approximation is
made during the gate applications. However, when we impose
a restriction on the walker’s bond dimension for compressions
during the gate applications, the GMPS-to-MPS method be-
comes more approximate for that given threshold. One needs a
larger bond dimension to maintain a similar accuracy. GMPS-
to-MPS approach with εad = 10−3 with Dw � 200 seems to
strike the balance between cost and accuracy needed for H50.
These observations indicate that the GMPS-to-MPS approach,
while potentially less accurate than the bipartite approach, will
likely offer a more scalable solution for larger systems.

The third strategy circumvents the expensive conversion of
the walker state to MPS and instead samples the overlap value
using the perfect sampler. Following the formalism outlined
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FIG. 4. (a) Overlap error from perfect sampling with different
system sizes and (b) the overlap distribution for different system
sizes. We use the nearest neighbor bond length of r = 3a0 in all
cases. In (a), we show the relative error of the perfect sampling
approach for an equilibrated walker of H10, H20, and H50 as a function
of number of samples. The walker state in H50 is projected with a
block size of 5 (see Appendix D for more information) for demon-
stration. The presented distributions are derived from 6.4 × 105

equilibrated walkers. For these analyses, the block-averaged distri-
butions are calculated by averaging groups of 50 walkers per block.

in Sec. B 3, we investigate the perfect sampling method by
selecting an equilibrated walker from systems of varying sizes
and assessing the relative error against the number of samples,
as depicted in Fig. 4(a). We sample exactly from the proba-
bility distribution given by the walker matchgate state, which
corresponds to Eq. (B9). The results are similar to a strategy
where the sampling is performed with the probability from
the trial, which is not shown here for brevity. This technique
demands a significantly higher number of samples for larger
systems due to the exponential decrease of overlap as sys-
tem size increases. Specifically, the magnitude of the overlap
we examined here -H10(r = a0), H10(r = 5a0), H20(r = 3a0),
and H50(r = 3a0)–are on the order of 10−2, 10−3, 10−3, and
10−6, respectively. We show the overlap distribution for sys-
tems of H10, H20, and H50 in Fig. 4(b), where the overlap
values become exponentially smaller as system size increases.
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FIG. 5. Convergence of MPS-AFQMC overlap as a function of
system size. All systems under study are characterized by an inter-
atomic bond distance of r = 3a0 and employ the STO-6G basis set.
The convergence analysis is performed using the mean relative error
of |〈�T|ψ〉| over 100 walkers with respect to εad and Dw.

According to Sec. II C 2, the accuracy of SD-to-MPS via
the GMPS approach is determined by two factors. Although
a tighter εad leads to higher accuracy, it concurrently necessi-
tates a substantially larger Dw for convergence. As illustrated
in Fig. 5, a balanced choice employing a moderately small εad

and an appropriate Dw appears to be the most effective. Based
on this, we chose the GMPS strategy for the rest of the paper.
Although careful optimization of different methods is beyond
the scope of this work, it is worth revisiting this in the future.
Additional numerical details for these strategies are given in
Appendix B.

B. Performance of MPS-AFQMC
with the GMPS-to-MPS strategy

Given the comparison between various strategies for im-
plementing the overlap evaluation subroutine for AFQMC, we
adopt the GMPS strategy as our primary approach. In this
section, we hope to benchmark how different convergence
parameters in the GMPS strategy affect the final AFQMC
energies.

1. Case study of 1D H10 chain

We test our MPS-AFQMC on a one-dimensional stretched
H10 chain. We used a minimal basis set, STO-6G, and an
interatomic distance of 3a0 to get strong correlation effects.
With such a small system, it is feasible to transform the MPS
trial into a linear combination of multiple Slater determinants
(MSD) [81], and the MSD-AFQMC results serve as the refer-
ence data for benchmarking MPS-AFQMC,

|�T〉 =
∑

s, |cs|>η

cs|s〉, (65)
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FIG. 6. Deviation of MPS trial and MPS-AFQMC from the FCI
Energy of H10. The MPS-AFQMC calculations are conducted with-
out any approximation in SD-to-MPS. We employ minimal STO-6G
atomic orbitals with Löwdin orthogonalization and the interatomic
distance of r = 3a0.

where the threshold η is used to truncate the MSD expansion
[81], which means that SDs with coefficients smaller than η

are omitted. Here, we set η = 10−14 to obtain a numerically
exact representation of the original MPS trial.

We use this numerically exact representation to assess
the accuracy of MPS-AFQMC when the overlap could be
evaluated exactly. In other words, in this test, we evalu-
ate the necessary overlap exactly for a given MPS trial. As
illustrated in Fig. 6, with the bond dimension of MPS in-
creasing, the variational energies gradually improve towards
the exact energy. When using the corresponding MPS as
the trial of AFQMC, the deviation from exact full configu-
ration interaction (FCI) energy decreases. The convergence
of MPS-AFQMC energy to FCI is much faster than MPS
itself, demonstrating the synergy between MPS and AFQMC,
even within a small active space. The encouraging results
presented in Fig. 6 are what is expected when SD-to-MPS
conversion can be done exactly or very accurately. However,
in practice, the MPS-AFQMC must make approximations that
might cause a large error in the overlap as we saw in Figs. 3
and 5.

Now, we investigate the impact of these approximations
on the final ph-AFQMC energies using trials with varying
quality. Within the GMPS-to-MPS method, we vary εad and
Dw and compare the results using three different trials with
different bond dimensions (DT). Here, the error is measured
with respect to the corresponding MPS-AFQMC results with-
out any approximations made to the overlap evaluation. As
εad approaches 0 and Dw approaches 210 (maximum possible
bond dimension for this problem), we expect to recover the
exact MPS-AFQMC answer. As shown in Fig. 7, for a fixed
εad, increasing Dw leads to a smaller deviation from the exact
MPS-AFQMC energies. A more stringent εad gives a smaller
deviation at its converged Dw, but it also requires a higher
Dw to achieve energy convergence. This is consistent with our
observation of the overlap convergence study in Sec. IV A.
Similar to the overlap evaluation, practical applications of
GMPS-to-MPS for MPS-AFQMC must balance εad and Dw

to obtain good accuracy without increasing the cost too much.
In Fig. 8, we examine the distributions of the overlap and

local energy ratios over 70 000 walkers. Here, we use the ratio
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energy from the converged MPS-AFQMC value shown in Fig. 6.

between the values from specific Dw and εad and their con-
verged exact values. A narrower distribution centered around
1 indicates smaller relative errors. For a fixed adaptive thresh-
old εad, an increase in Dw leads to a narrower distribution of
both overlap and local energy ratios, as expected. In contrast
to the overlap, the local energies are typically much more
robust against variations in both Dw and εad. This robustness
largely explains why, despite sometimes significant deviations
in overlap from the exact values, the final MPS-AFQMC en-
ergy deviation from the exact MPS-AFQMC remains small,
with most values falling within the threshold of chemical
accuracy (1 mEh). The deviation is even smaller for trials
with better quality (higher DT), as shown in Fig. 8. Similar
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FIG. 8. Impact of approximating SD-to-MPS on overlap and lo-
cal energy distribution of H10. The trial are the same as in Fig. 7,
where (a) shows the distribution of the overlap ratio using the MPS
trial with DT = 4 and (b) displays the distributions of the local energy
ratio with trials at different DT. The overlap ratio is defined as the
ratio of the overlap calculated with a specific Dw and εad to the
converged overlap value. Similarly, the local energy ratio compares
the local energy with its converged value. These distributions are
aggregated across the SD of 70 000 equilibrated walkers where
spin-projection is used for walkers [82].
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FIG. 9. MPS-AFQMC energy error and walker bond dimension
as a function of imaginary time with various thresholds. The trial
used here is the same as in Fig. 7 with DT = 4, with the maximum
allowed bond dimension set at 2000. Spin projection was used in the
initial walker setup.

observations are obtained for H50, as shown in Fig. 17, where
the trial is the UHF wavefunction.

The robustness of local energy calculations can be at-
tributed to the zero-variance principle [83]. More concretely,
let us consider the following error model:

|ψtrue〉 = |ψ〉 + |ε〉, (66)

〈�T|ψtrue〉 = 〈�T|ψ〉 + 〈�T|ε〉, (67)

where |ε〉 quantifies the error in SD-to-MPS and the deviation
from the true walker wavefunction. We see that the relative
overlap error, 〈�T|ε〉/〈�T|ψtrue〉, can easily become large be-
cause the true value in the denominator can be small. Now, we
consider another error model for the local energy evaluation:

|�T〉 = |�0〉 + |εH 〉, (68)

〈�T|Ĥ |ψtrue〉 = E0〈�T|ψtrue〉 + 〈εH |(Ĥ − E0)|ψtrue〉, (69)

where |εH 〉 quantifies the distance between |�T〉 and the ex-
act ground state, |�0〉. It is possible that the second term in
Eq. (69) is much smaller than the first term, especially if |�T〉
is close to |�0〉. In that case, dividing Eq. (69) by 〈�T|ψtrue〉
will give us an accurate estimation of the local energy even
when 〈�T|ψtrue〉 is poorly approximated. This analysis sug-
gests that MPS-AFQMC may achieve high accuracy even with
a relatively loose adaptive threshold εad and a smaller Dw.
These findings also provide insights for quantum-classical
hybrid quantum Monte Carlo methods [31,34,84], where the
evaluation of overlap is noisy and correct only up to some
additive error and yet the final AFQMC energies were found
to be accurate. In Fig. 9, we fix the trial at DT = 4, correspond-
ing to the trial used in Fig. 7, and present the evolution of
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h .

MPS-AFQMC energy errors from the exact MPS-AFQMC at
each step and walker’s bond dimension as a function of imagi-
nary time. We observe that, without a cap on the walker’s bond
dimension, a tighter threshold correlates with reduced errors
and increased stationary bond dimension. The walker bond
dimension initially increases and can grow very fast before
reaching a plateau. However, as we showed in Fig. 7 and
analyzed in Fig. 8, one appears to need a much smaller walker
bond dimension to obtain good MPS-AFQMC energies.

2. System size and bond length dependence

We have previously analyzed the increasing hardness of
calculating overlap values for systems as their size increases,
as illustrated in Figs. 3 and 4. Here, we examine how the
walker bond dimension changes during imaginary time prop-
agation as a function of system size. This result is shown in
Fig. 10. The trend in these imaginary-time trajectories is sim-
ilar to H10, as we discussed in Fig. 9. Interestingly, while the
interatomic distance does not affect the final saturated bond
dimension, it does influence the rate of increase of the bond di-
mension; systems with longer interatomic distances exhibit a
slower growth in bond dimension. Contrary to typical DMRG
studies for one-dimensional systems, where bond dimensions
needed for a specified accuracy remain fixed across molecular
chains of varying lengths due to the area law, in AFQMC
calculations, the walker’s bond dimension grows with system
size. In DMRG studies, longer interatomic distances necessi-
tate MPS with smaller bond dimensions, which also contrasts
with AFQMC simulations.

C. Applications of MPS-AFQMC

In this section, we apply MPS-AFQMC to a variety of
systems, including one-dimensional long chains with varying
interatomic distances, two-dimensional lattices, and scenar-

ios involving large basis sets that incorporate our MPO-free
algorithm.

1. H50 in minimal basis

We test our approach on H50, where the ground state can
be computed nearly exactly with DMRG [85]. Many single-
reference methods, such as low-order coupled cluster method
[e.g., CCSD(T)] [85] and UHF-AFQMC [46], can struggle
for some bond distances, making this a good testbed for new
methods. Using the GMPS approach with εad = 10−3 and
Dw = 50, we apply MPS-AFQMC to calculate the electronic
ground state energy of H50 at various interatomic distances
with STO-6G basis. In Fig. 11, we calculate the deviation
of the ground state energy of H50 from the exact reference
provided in Ref. [85].

In Fig. 11(a), we present the MPS-AFQMC energy and the
corresponding MPS variational energy using different MPS
trials with varying bond dimensions DT for H50 at r = 3.2a0.
MPS-AFQMC significantly improves accuracy compared to
the trial’s variational energy. Furthermore, as the trial qual-
ity improves, the accuracy of MPS-AFQMC also improves,
which aligns with our initial results observed on smaller sys-
tems, as illustrated in Fig. 6.

Next, we apply MPS-AFQMC to various interatomic dis-
tances and compare the results with the variational MPS
energy and UHF-AFQMC taken from Ref. [46]. These results
are shown in Fig. 11(b). Instead of fixing the bond dimen-
sion of the MPS trial for all interatomic distances, we pick
trials with a similar energy deviation from the true ground
state at each distance. At shorter distances (metallic regime),
an MPS with localized orbitals requires a larger bond di-
mension to capture long-range correlations effectively. As a
result, the MPS trial does not outperform UHF at small bond
lengths. Here, the MPS trials have bond dimension DT =
20, 10, 10, 8, and 5 for different interatomic distances r =
2.4a0, 2.8a0, 3.2a0, 3.6a0, and 4.2a0, respectively. For cal-
culating the singlet ground state, MPS-AFQMC’s accuracy
could improve by using spin-adapted MPS [20,85] or spin-
projected MPS [59], or by employing identical spin-up and
spin-down walker wavefunctions. For simplicity, we opted for
the latter approach, which is referred to as “spin projection” in
the AFQMC community [82]. Following Eq. (5), where both
spin matrices use the same propagator, they remain identical
throughout the imaginary time evolution. The errors in MPS-
AFQMC energy at relatively long distances (specifically at
r ∈ {3.2a0, 3.6a0, 4.2a0}) fall below the threshold of chemical
accuracy (i.e., 1 m Eh). In comparison, we observed AFQMC
with a selected configuration interaction trial (using up to
105 determinants) performs less accurate than UHF-AFQMC,
even for a smaller H20 system at a stretched geometry (results
not shown).

We also explored entanglement projection to potentially
speed up the conversion from SD to MPS and improve ac-
curacy by controlling the entanglement growth in walker
wavefunctions. The efficacy of this technique on AFQMC
energy is preliminarily explored in Fig. 20 in Appendix D,
warranting further investigation for potential enhancements.
MPS-AFQMC is as accurate as UHF-AFQMC at relatively
shorter distances and produces much more accurate results
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FIG. 11. The MPS-AFQMC energy deviation for H50 at different bond distances and comparison with UHF-AFQMC. (a) The dependence
of the MPS-AFQMC energy deviation on the trial energy deviation. The UHF-AFQMC is also plotted, and the corresponding UHF trial
energy deviation is 0.459Eh. We present the corresponding overlap/local energy distribution in Fig. 17. (b) The MPS-AFQMC, MPS, and
UHF-AFQMC energy for H50 across different bond distances. The error bars of MPS-AFQMC calculations are all below 0.1mEh. The total
number of walkers is set to 640, and the time step used is 0.01E−1

h with population control performed every five steps.

for larger bond lengths when the underlying entanglement is
smaller in a localized basis.

Lastly, we compared the computational time of MPS-
AFQMC and UHF-AFQMC for various system sizes, as
shown in Fig. 21. Our results indicate that MPS-AFQMC
exhibits similar scaling behavior to UHF-AFQMC, though
with a larger prefactor. We anticipate future improvements
in the computational efficiency of MPS-AFQMC, particularly
by optimizing the SD-to-MPS algorithm or leveraging GPU
acceleration of tensor contraction and GPU parallelization
over walkers. In the past, AFQMC with SD and MSD trials
was significantly accelerated by GPUs [79,80,86].

2. Two-dimensional lattice: 4 × 4 hydrogen lattice

Expanding our exploration beyond one-dimensional sys-
tems, we investigate the effectiveness of our MPS-AFQMC
in handling more complex two-dimensional systems. DMRG
requires much larger bond dimensions for two-dimensional
systems than the one-dimensional case, primarily due to en-
tanglement growth beyond the one-dimensional area law.

Our test system involves a 4 × 4 square lattice of hydro-
gen atoms with equivalent nearest-neighbor distances. The
orbitals for both DMRG and MPS-AFQMC calculations are
ordered with the genetic ordering algorithm [18] (as shown
in the inset). The bond dimension of the MPO in the test
case is 562, leading to an enlarged half-rotated trial MPS,
Ĥ |�T〉, with a bond dimension of 562 × DT which is im-
practical for local energy computations. We utilize variational
optimization, starting with approximately compressed MPO
and MPS as initial guesses. This strategy successfully reduces
the bond dimension of the half-rotated trial MPS to 100 or
less, enabling significantly more efficient calculations. For
more complex active space models or full space calculations
where constructing the MPO is impractical or compressing the
half-rotated MPS trial proves challenging, we suggest using
the MPO-free approach in Sec. II D, for which we later present
numerical results in Sec. IV C 3. With these details, the ground
state energies were computed with different methods and are
shown in Fig. 12.

As shown in Fig. 12, the performance of DMRG in this
two-dimensional system demonstrates a remarkably slow con-
vergence with respect to the bond dimension toward the exact
ground state energy. In comparison, using the MPS trials with
DT = 10 and 50, MPS-AFQMC is highly effective for this
system and yields energies within chemical accuracy from the
exact answer in both cases. On the other hand, DMRG reaches
similar accuracy at substantially higher bond dimensions of
about 200. However, employing the UHF trial leads to slightly
worse energy, despite the UHF wavefunction having slightly
better energy than DT = 10 MPS trial. These calculations
used 128 walkers and a time step of 0.1E−1

h . As demonstrated
in Fig. 18, Population bias and timestep errors were negligi-
ble. This is a promising result because MPS-AFQMC could
be used for systems where MPS alone struggles to achieve
high accuracy. We note that the current example serves as

FIG. 12. Application of MPS-AFQMC to two-dimensional hy-
drogen lattice with r = 4.2a0. Energy deviation from exact results
using MPS-AFQMC, UHF-AFQMC, and DMRG with different
bond dimensions. The dashed dotted line coresponds to the 1 mEh

error.
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a proof-of-concept for MPS-AFQMC. Although DMRG is
more computationally efficient than MPS-AFQMC for the
current system, as DMRG’s computational cost increases
rapidly with system size, we anticipate MPS-AFQMC’s ad-
vantage to become more pronounced for larger systems after
further optimization.

3. Towards larger basis set simulations: H10 with cc-pVDZ

We have demonstrated the effectiveness of MPS-AFQMC
for systems dominated by static correlation, such as stretched
hydrogen chains. Beyond these simple benchmarks, we argue
that the most compelling feature of our framework is its ability
to extend the capabilities of both DMRG and AFQMC. For
example, MPS-AFQMC could enable large basis set calcula-
tions for systems with strong correlation within active space
and non-negligible dynamic correlation outside active space.
In these cases, neither method can handle alone.

As shown in Fig. 1(a), our approach leverages the strengths
of both methods by limiting DMRG to the active space while
using AFQMC to capture the remaining dynamic correlation.
As a proof-of-concept benchmark, we employ MPS-AFQMC
to calculate the correlation energy for H10 with the cc-pVDZ
basis set. We generate our MPS trial within an active space
of 10 electrons in 10 orbitals (10e, 10o). For demonstration,
we transform this MPS into a linear combination of Slater
determinants, which is possible because this is done in a
small active space. The corresponding results are illustrated in
Fig. 13, where the MPS-AFQMC employing finite difference
refers to the algorithm introduced in Sec. II D. We found an
excellent agreement between the finite difference algorithm
and the brute force approach, demonstrating its correctness
and future utility.

While the improvement of MPS-AFQMC over UHF-
AFQMC appears modest, this serves as a proof-of-concept
demonstration for applying MPS-AFQMC to larger systems
with MPS restricted to the active space trial. For larger sys-
tems, UHF-AFQMC is expected to become less reliable, often
requiring problem-specific trials, such as physics-informed
Slater determinant expansions [46]. In these cases, our frame-
work enables capturing dynamic correlation beyond the active
space by using the MPS trial for the active space alongside
a complementary trial wavefunction (e.g., UHF) for dynamic
correlation, which will be explored in future work.

V. CONCLUSIONS AND OUTLOOKS

In conclusion, we have, for the first time, realized using
MPS trial wavefunctions within fermionic AFQMC calcu-
lations. In MPS-AFQMC, evaluating the overlap between
MPS and a walker state (Slater determinant) is formally and
practically the computational bottleneck. We also proved that
the estimation of this overlap up to a multiplicative error is
#P-hard. Despite the hardness of this problem, we proposed
several heuristics to approximate this overlap evaluation. We
found that inaccurate overlap evaluation could still lead to
accurate energy estimations due to the zero variance principle
in ph-AFQMC. The strategy we recommend is the one that
applies Givens rotation gates to a product state to obtain
an MPS representation of walker Slater determinants. This
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FIG. 13. Application of MPS-AFQMC beyond minimal basis.
The interatomic distance for H10 is set at 3.2a0. (a) The change
in AFQMC energy over imaginary time evolution, comparing the
results from brute-force MPS-AFQMC to those obtained using finite
difference MPS-AFQMC. (b) The energy deviation from the exact
reference. The finite difference step is set to 10−5 for the one-body
energy term and 10−4 for the two-body energy term.

choice was made after examining other approaches, including
brute-force conversion, bipartite decomposition, and perfect
bitstring sampling. We also discussed balancing accuracy and
computational efficiency for practical applications with suit-
able thresholds and maximum walker bond dimensions.

We then showcased accurate MPS-AFQMC results over
prototypical strongly correlated systems. We tested MPS-
AFQMC on minimal and double-zeta basis models of
one-dimensional hydrogen chains and a minimal basis model
of a two-dimensional hydrogen lattice. For these systems,
our method significantly improves over ph-AFQMC with a
most commonly used trial wavefunction (i.e., single Slater
determinant). Furthermore, we also proposed an algorithm
to evaluate force bias and local energy via differentiation
of certain overlap evaluations, which removes the significant
overhead introduced by prior works [31,34,66]. This allows
for using an MPS trial obtained within the active space and
computing the correlation energy of the entire problem only
based on the overlap within the active space. Importantly,
this low-scaling approach is generalizable to other types of
trial wavefunctions. We also note that while energy is a use-
ful benchmark, correlation functions are crucial for studying
phases and phase transitions. Evaluating correlation functions
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in AFQMC is challenging for operators that do not commute
with Ĥ , though recent advancements like algorithmic differ-
entiation offer potential solutions for simple trials [30,80].

Our findings open new avenues for fermionic simulations
where two state-of-the-art techniques, QMC and tensor net-
work methods, can create synergistic impacts. Our method
combines the strengths of DMRG and AFQMC to achieve,
in principle, higher accuracy in systems with mixed strong
and weak correlations, going beyond the capability of UHF-
AFQMC or DMRG alone. While our implementation is not
yet fully optimized, the current bottleneck is the SD-to-MPS
conversion algorithm. Future work will focus on improving
computational efficiency through GPU acceleration, paral-
lelization, and optimized SD-to-MPS algorithms [79,80,86].
SD-to-MPS conversion is an area of broad interest, and more
efficient algorithms may emerge [87]. We also noted that our
insight partially explains the success of quantum-classical hy-
brid QMC methods [31]. We hope that the insight and findings
presented in our work will lead to further developments in
state-of-the-art fermionic simulation methods.
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APPENDIX A: ADDITIONAL DETAILS ON PH-AFQMC

This Appendix complements the theory of ph-AFQMC
in Sec. II A. With the Cholesky decomposition of the two-
electron integrals, the Hamiltonian in Eq. (2) can be expressed
as

Ĥ = Ĥ1 + Ĥ2 = v̂0 − 1

2

Nγ∑
γ=1

v̂2
γ , (A1)

where

v̂0 =
∑

pq

(
hpq − 1

2

∑
r

(pr|rq)

)
a†

paq, (A2)

v̂γ = i
∑

pq

Lγ
pqâ†

pâq. (A3)

The short-time propagator is approximated using a Trotter
decomposition:

e−�τ Ĥ = e− �τ
2 v̂0 e

�τ
2

∑
v̂2

γ e− �τ
2 v̂0 + O(�τ 2). (A4)

The Hubbard-Stratonovich transformation enables the
rewriting of the two-body propagator as an integra-
tion over the auxiliary fields x = (x1, x2, . . . , xNγ

) as
follows:

e� τ
2

∑
v̂2

γ =
∫

dxp(x)e−√
�τx·v̂, (A5)

where p(x) is the standard normal distribution of the auxiliary
fields.

B̂(x) = e− �τ
2 v̂0 e−√

�τx·v̂e− �τ
2 v̂0 (A6)

In practice, a mean-field shift 〈v̂〉T ≡ 〈�T|v̂|�T〉 subtraction
trick is often used to reduce the statistical fluctuations [24,88],

Ĥ ′
1 = Ĥ1 −

Nγ∑
γ=1

v̂γ 〈v̂γ 〉T + 1

2

Nγ∑
γ=1

〈v̂γ 〉2
T, (A7)

Ĥ ′
2 = −1

2

Nγ∑
γ=1

(v̂γ − 〈v̂γ 〉T)2, (A8)

which changes the expression of the propagator Eq. (A6)
accordingly.

The force bias in Eq. (5) is defined as

xi(�τ, τ ) = −
√

�τ
〈�T|v̂ − 〈v̂〉T|ψi(τ )〉

〈�T|ψi(τ )〉 . (A9)

In traditional AFQMC, the periodic orthogonalization of
walkers is employed to eliminate round-off numerical errors,
thus maintaining numerical stability, in our MPS-AFQMC
algorithm, the orthogonalization is done at every step as
required by the conversion of SD to MPS (SD-to-MPS).
Population control is periodically utilized to remove walk-
ers with small weights and replicate walkers with large
weights.

APPENDIX B: ADDITIONAL METHODS AND RESULTS
FOR SD-TO-MPS

1. Brute-force MPO-MPS application

The brute-force MPO-MPS application is a straightfor-
ward, though not computationally efficient method [60]. The
conversion of SD-to-MPS is accomplished by sequentially ap-
plying a series of creation operators to the initial vacuum state.
These creation operators inherently involve long-range MPO,
which contributes to a rapid increase in the entanglement
levels of the MPS and encounters challenges in efficiently
compressing the resultant MPS. The high entanglement levels
make it difficult to represent the state with a low-dimensional
MPS without losing significant information. In Fig. 14, we
show its demanding computational time by comparing with
the GMPS-to-MPS approach.

2. Bipartite decomposition of SD

Another approach we considered is the formation of MPS
from a given SD using a bipartite decomposition [89–91]. A
naive decomposition can be written as

|ψ〉 =
N∏

k=1

( l∑
p=1

Upia
†
p +

N∑
p=l+1

Upia
†
p

)
|0〉, (B1)
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FIG. 14. (a) Conversion of SD-to-MPS by using brute force long
ranged MPO-MPS application (Eq. (18)). (b) Comparing the brute
force MPO-MPS approach and the Gaussian MPS to MPS approach
in terms of relative error of overlap and the time cost as a function of
walker’s bond dimension.

which makes the bipartite decomposition of |ψ〉 =∑
ν λν |Ll

ν〉|Rl
ν〉 a maximally entangled state. Another bipartite

decomposition of SD can be written as [89–91]

|ψ〉 = �N
k=1(

√
εk|lk〉 +

√
1 − εk|rk〉), (B2)

where {|lk〉} and {|rk〉} represent the projected basis which
spans the subset of spin orbitals L = {φ1, φ2, φ3, . . . , φl} and
R = {φl+1, φl+2, . . . , φN }, respectively. This is similar to den-
sity matrix embedding theory [92,93]. |lk〉 and |rk〉 can be
obtained by performing SVD on the subblock of the coeffi-
cient matrix,

CL
pq ≡ Upq =

∑
s

QpsSsV
†

sq, p � l, (B3)

where S contains l nonzero singular values and N − l zero
singular values and these singular values correpsond to the√

εk in Eq. (B2). A phase emerges for Eq. (B3), eiθV †, which
should be removed by dividing the first row of V † with the
scaling factor det(V †). Using this, |lk〉 and |rk〉 read

a†
lk

=
l∑

p=1

∑
q

UpqVqka†
p,

a†
rk

=
N∑

p=l+1

∑
q

UpqVqka†
p.

Using the Schmidt decomposition at the lth site, we have

|ψ〉 =
∑

ν

λν

∣∣Ll
ν

〉∣∣Rl
ν

〉
, (B4)

where the λν , |Ll
ν〉, and |Rl

ν〉 can be computed from Eqs. (B2)
and (B4).

λν =
√

εL1εL2 · · · εLμ

(
1 − εR1

) · · · (1 − εRN−μ

)
, (B5)∣∣Ll

ν

〉 = ∣∣lL1 lL2 · · · lLμ

〉
, (B6)∣∣Rl

ν

〉 = ∣∣rR1 rR2 · · · rRN−μ

〉
. (B7)

A complete linear expansion of |ψ〉 in spin orbital basis is
obtained with Eqs. (B4) to (B7), with exponentially many
terms.

By introducing a threshold εtrunc, relatively smaller compo-
nents can be effectively screened out. If the coefficients can be
sorted by amplitudes and truncated based on εtrunc, the SD is
optimally compressed. To manage the 2N components, we sort
the components by an N-length binary bitstring for |Lν〉|Rν〉,
where a 0 in the bitstring signifies selecting |lk〉 and a 1 sig-
nifies |rk〉. The initial bitstring, chosen for having the largest
coefficients, selects |lk〉 if

√
εk >

√
1 − εk and |rk〉 otherwise.

Starting with the bitstring representing the largest coefficients,
we first flip a single bit. Then, in a structured manner, we
systematically explore further combinations by flipping pairs
of bits (C2

N ), followed by triples (C3
N ), and so forth, increas-

ing the number of flipped bits. A bitstring is retained only
if its corresponding coefficients exceed the threshold εtrunc.
The process halts at K flips when no additional bitstrings
are generated above the threshold after exploring all combi-
nations within K flips. To compute the MPS site tensor, we
iterate through all bitstrings above the threshold and use the
following:

An1
a1

= λa1

〈
n1

∣∣L1
a1

〉
, AnN

aN−1
= 〈

nN

∣∣RN−1
aN−1

〉
,

Ani+1
ai,ai+1

= 〈
ni+1Ri+1

ai+1

∣∣Ri
ai

〉
, 1 � i < N − 1, (B8)

where A is our MPS site tensor. It is also noteworthy that this
method can be parallelized across each site, where the bipar-
tite decomposition [Eq. (B4)] is independent for each site,
and the computation of local site elements [Eq. (B8)] relies
only on the decomposition information of two neighboring
sites.

3. Perfect MPS sampler of bit strings

Apart from performing SD-to-MPS with strategies 1 and
2, the overlap can be computed by sampling bitstrings
from the walker state [94–96]. This is called “perfect” be-
cause unlike Metropolis sampling it produces uncorrelated
samples [94]:

〈�T|φ〉 =
∑

s

〈φ|s〉〈s|φ〉 〈�T|s〉
〈φ|s〉 � 1

Nsamp

∑
s

〈�T|s〉
〈φ|s〉 (B9)

with the sampling probability coming from walker, P(|s〉) =
|〈φ|s〉|2 [32,97]. The state |s〉 = |s1s2 · · · sN 〉 is a product
state that is represented as a bitstring with binary values
(si ∈ {0, 1}) indicating the occupation or absence of spin or-
bitals. As |φ〉 is a matchgate, one can efficiently sample bit
strings from this state without relying on Metropolis sam-
pling. |s〉 is a computational state, hence an MPS state of bond
dimension 1.
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FIG. 15. Schematics of other overlap computation strategies for
MPS-AFQMC. (a) Strategy 2: computation of each local matrix of
MPS by the bipartite decomposition of Slater determinants. (c) Strat-
egy 3: sampling of the overlap between the MPS trial and SD with
the perfect sampler.

The lower part in Fig. 15(b) shows using perfect sampler
from the MPS to obtain the probability of occupation for the
ith bit of the occupancy bitstring, given the partial occupation
bitstring s̃1s̃2 · · · s̃i−1, the probability of occupation (si = 1)
and unoccupation (si = 0) is obtained by

P(si|s̃1s̃2 · · · s̃i−1) =
⎛
⎝∑

ai

(Ãsi
ai

)∗Ãsi
ai

⎞
⎠/P(s̃1s̃2 · · · s̃i−1),

(B10)

Ãsi
ai

=
∑

a j , j<i

As̃1
a1

As̃2
a1a2

· · · As̃i−1
ai−2ai−1

Asi
ai−1ai

as digramically expressed as follows:

P(si|s̃1s̃2 · · · s̃i−1) ⇐ (B11)

. (B12)

A random number is proposed to determine the value of
si ∈ [0, 1]. The following algorithm describes the process of
using the perfect sampler to compute the overlap between
MPS and SD, which uses the sampling probability from the
trial. The algorithm that uses the probability in Eq. (B9) can
be adjusted accordingly.

ALGORITHM 1. Perfect sampling of the overlap.

1 Set initial overlap f = 0;
2 for sample = 1 to Nsamp do
3 for i = 1 to N do
4 Compute the probability matrix of site i,

get P0 and P1;
5 Draw u ∼ Uniform(0, 1);
6 if u � P0 then
7 Assign si = 0;
8 else
9 Assign si = 1;
10 end
11 Next site sampling;
12 end
13 Obtain |s〉 = |s1s2 · · · sN 〉 and f0 = 〈�T|s〉;
14 Compute f1 = 〈s|ψ〉;
15 f = f + f1/ f0;
16 end
17 Get the sampled overlap, f /Nsamp.

4. The GMPS-to-MPS approach

We add some details on the GMPS-to-MPS approach we
mentioned in Sec. II C 2. The Abelian symmetry of MPS
[20,98] is conserved by employing quantum number con-
serving SVD to preserve the numerical stability in Eq. (29).
When converting the SD to an MPS, we observed that a
random phase factor, denoted as eiθ , emerges due to the U(1)
gauge freedom. In some applications, this random phase fac-
tor is inconsequential, as it does not affect the resulting state
remaining an eigenstate of the one-body operator [62,91].
However, in our current context, it affects the phaseless con-
straint, which relies on the phase change in the overlap. To
eliminate this gauge freedom and fix the gauge, we multiply
the MPS by the following scaling factor eiθ , where

θ = arg (〈ψSD|ψmax〉) − arg (〈ψMPS|ψmax〉) (B13)

where |ψmax〉 is the product state with the largest overlap with
the MPS, which can be deterministically obtained easily by
the perfect sampler algorithm.

Another problem is that the compression applied during
the contraction of the gates makes the resulting MPS un-
normalized. Therefore we apply the normalization after all the
gates are contracted, which mitigates the error. We analyze
the impact of normalization on the error mitigation of GMPS-
to-MPS. We assume the GMPS-to-MPS approach produces
an error of |ε〉. Without doing normalization of the resulting
MPS, the relative error of the overlap value is equal to∣∣∣∣ 〈�T|ε〉

〈�T|ψtrue〉
∣∣∣∣. (B14)

On the other hand, by doing normalization of the resulting
MPS, the overlap value is expressed as

〈�T|(|ψtrue〉 + |ε〉)√
1 + 〈ψtrue|ε〉 + 〈ε|ψtrue〉 + 〈ε|ε〉 (B15)

and by performing first-order Taylor expansion of the denom-
inator, the overlap is approximated to be

〈�T|ψtrue〉 + 〈�T|ε〉 − 1
2 (〈ψtrue|ε〉 + 〈ε|ψtrue〉 + 〈ε|ε〉)

× (〈�T|ψtrue〉 + 〈�T|ε〉). (B16)
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FIG. 16. (a) Performing the GMPS-to-MPS for spin up and spin
down block separately then reordering; (b) Comparing two ordering
schemes with H10 with interatomic distance r = 5.0a0. The left panel
is the mean absolute errors compared to for the energy of selected
five equilibrium AFQMC blocks and the right panel shows the time
cost.

Assuming a small error vector, which implies negligible
second-order contributions, the relative error can be approx-
imated (up to the first order) as∣∣∣∣ 〈�T|ε〉

〈�T|ψtrue〉 − 1

2
(〈ψtrue|ε〉 + 〈ε|ψtrue〉)

∣∣∣∣. (B17)

While Eq. (B17) appears to have a larger error than Eq. (B14),
the extra terms in Eq. (B17) are expected to be orders of mag-
nitude smaller since they do not have a prefactor that is inverse
of a small quantity. Given that there is only a small additional
error suggested by our analysis, we chose to normalize the
resulting MPS representation of walkers. Based on several
numerical tests, we found that this choice does not affect the
final MPS-AFQMC energies in a statistically significant way.

The conversion to MPS can be performed with vari-
ous orderings of the site basis. However, the final ordering
must match the trial MPS ordering to evaluate their over-
lap. Figures 1(d) and 16 illustrate two distinct schemes for
SD-to-MPS, both finally maintaining the same ordering. The
second conversion is achieved using SWAP gates and associ-
ated parity gates to recover the alternating ordering [99]. In
the specific example depicted in Fig. 16(b), the parity gate is
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FIG. 17. Distributions of the overlap ratio and the local energy
ratio for H50 with the MPS form of UHF trial. The overlap ratio is
defined as the ratio of the overlap calculated with a specific Dw and
εad to the exact overlap value, which can be obtained by AFQMC
with UHF trial in the Slater determinant form. Similarly, the local en-
ergy ratio compares the local energy with its converged value. These
distributions are aggregated across the SD of 1 280 000 equilibrated
walkers.

denoted as

P̂ = (−1)
∑N↓

k=1 σ̂
z↓
k �

N↑
l�k σ̂

z↑
l (−1)

∑N↑
i=1 σ̂

z↑
i �

N↓
j<i σ̂

z↓
j , (B18)

where σ
z↑(↓)
i is the Pauli Z operator for the ith spin-up(down)

orbitals. As shown in Fig. 16(b), the SD-to-MPS conversion
using SWAP gates is both less accurate and more time-
consuming compared to the alternating ordering method used
in the main text of the manuscript.

APPENDIX C: THE AFQMC CONVERGENCE TEST
WITH TIME STEP AND NUMBER OF WALKERS

In Fig. 18, we test the number of walkers and time step
used in AFQMC calculation for the 4 × 4 hydrogen lattice
system. When using different setups of the number of walkers
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FIG. 18. The UHF-AFQMC Energy for the 4 × 4 hydrogen lat-
tice. The energy differences associated with varying the number
of walkers and the time step, compared to using 640 walkers and
dt = 0.01E−1

h , are plotted.
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FIG. 19. Low entanglement projection. Projecting the SD after
imaginary time evolution to a subspace with fixed block size for the
correlation matrix.

and the time step, the AFQMC energies remain the same up
to statistical error bars.

APPENDIX D: LOW BANDWIDTH PROJECTION
OF CORRELATION MATRIX

A product state can be represented as an MPS with a bond
dimension of 1, and the correlation matrix is characterized by
having exactly Ne diagonal elements set to one. These cor-
respond to the occupied atomic orbitals in the product state.
All other elements of the correlation matrix are zero. As the
randomness [Eqs. (A6) and (5)] or off-diagonal correlation in
a system increases, deviating from a purely diagonal form, and
the entanglement of the system also increases. Consequently,
a larger bond dimension is required to accurately represent
the state as a MPS, as shown in Fig. 10. This increase in bond
dimension allows the MPS to encapsulate the more intricate
correlation patterns that arise in the system’s state. Conse-
quently, compressing the walker wavefunction becomes more
challenging, necessitating larger block sizes and a greater
number of Givens gates. This, in turn, makes the compres-
sion of the MPS less effective. To address this challenge, we
propose the subspace low entanglement projection during the
time evolution, which can also speed up the conversion of
SD-to-MPS.

Drawing inspiration from the method to approximate the
Gaussian MPS of SD, the correlation matrix can be approx-
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FIG. 21. (a) The computational time of MPS-AFQMC (1

walker’s SD-to-MPS operation) and UHF-AFQMC (1 propagation
step of 1 walker) for different system sizes. (b) The corresponding
number of gates in the quantum circuit for the SD-to-MPS operation
using different adaptive threshold. The results are averaged over 3200
equilibrated walkers.

imated as a band matrix. In this approximation, the matrix
retains significant elements along the diagonal and in a finite
band around it, effectively capturing the dominant correla-
tions. This band matrix representation simplifies the structure
while preserving the essential features of the correlation ma-
trix, facilitating a more efficient and tractable representation in
the context of MPS. This approach could be particularly use-
ful when dealing with systems where the relevant correlations
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FIG. 20. Low entanglement projection. The system is H50 with STO-6G basis and inter-atomic distance of r = 3a0. The upper panel
of (a) shows the energy deviation from the exact answer during the imaginary time evolution and the lower panel of (a) gives the weight
averaged bond dimension of walkers. The first stage (green shaded) corresponds to simulation with the adaptive threshold εad = 10−3 and
maximally allowed walker’s bond dimension Dw = 50, and the second stage turns on the low entanglement projection with projected block
size of 5. (b) The statistical energy deviation for choosing different projected block sizes with different adaptive threshold. The inset show the
weight-averaged bond dimension after performing low entanglement projection.
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are localized or decay rapidly with distance:

�′
pq =

{
�pq if p � q < p + B
0 otherwise (D1)

and the coefficient matrix of the projected walker ψ ′ is ob-
tained by the singular value decomposition of its correlation
matrix

�′ = V SV † (D2)

with B in Eq. (D1) restrict the overlap 〈ψ |ψ ′〉 � 1 − εproj.
With a sufficiently small εproj, �′ will exhibit Ne singular
values that are nearly equal to 1, and N − Ne eigenvalues that
are nearly equal to 0. We can express the approximated walker
wavefunction, denoted as U ′, with columns corresponding to
those in V with corresponding singular values close to 1. A
phase introduced from the projection should be addressed
using 〈ψ |ψ ′〉. The resulting |ψ ′〉 should multiply the factor
e−iθ where

θ = arg (〈ψ |ψ ′〉), (D3)

which is similar to what we did in Eq. (B13).
This procedure is referred to as low-entanglement subspace

projection or low bandwidth projection of correlation matrix,

|ψ ′〉 = P̂|ψ〉, (D4)

which leads to a modification of Eq. (5),

|ψ (τ + �τ )〉 = P̂B̂(�τ, x − x)P̂|ψ (τ )〉. (D5)

We present the schematics in Fig. 19. We apply the projection
for every step and monitor the overlap of 〈ψ |ψ ′〉 � 1 − εproj,
and it turns out the B will gradually decrease and saturate as a
small block size. The low entanglement subspace projection,
as implied by its name, serves to reduce the entanglement of

walker’s SDs, leading to faster convergence with respect to
Dw and the adaptive threshold εad in the GMPS approach. The
projection makes the SD-to-MPS easier. Subsequently, we can
obtain a more accurate MPS representation of the approxi-
mated walker wavefunction, effectively eliminating the errors
associated with the conversion of the wavefunction to the
GMPS format. As an example, in Fig. 3(b), we demonstrate
the convergence of accuracy and the time cost concerning the
bond dimension Dw of equilibrated walkers for both the bipar-
tite approach and the GMPS approach with different projected
block size. Smaller block sizes greatly reduce computational
time and improve accuracy.

Figure 20(a) displays the energy deviation from the exact
answer during the imaginary time evolution for H50 with an
interatomic distance of r = 3a0. The upper panel demon-
strates the energy deviation, and the lower panel presents the
corresponding bond dimension at each time. The first stage,
marked with a green shade, corresponds to the simulation with
the adaptive threshold εad = 10−3 and a fixed walker’s bond
dimension Dw = 50. The second stage, marked with a red
shade, corresponds to a projected block size equal to 5. With-
out projection, there is a bias below the exact answer. Turning
on the low entanglement projected technique with a block size
of 5, as shown in Fig. 20(a), the energy bias can be removed,
and the final statistical error is below 1 mH, as demonstrated in
Fig. 20(b). As the statistical evolution progresses, the walker
wavefunction becomes more entangled, which makes con-
verting to MPS more challenging (see Fig. 21). Increasing
the projected block size for a given adaptive threshold leads
to more accurate results. However, a larger block size also
requires a tighter threshold and a larger bond dimension. For
a given block size, tightening the adaptive threshold will also
improve the accuracy of the results.
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