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Ab initio auxiliary-field quantum Monte Carlo (AFQMC) is a systematically improvable many-body
method, but its application to extended solids has been severely limited by unfavorable computational
scaling and memory requirements that obstruct rigorous access to the thermodynamic and complete-basis-
set limits. By combining tensor hypercontraction with k-point symmetry, we reduce the computational and
memory scaling of ab initio AFQMC for solids to O(N3) and O(N?), respectively, with an arbitrary basis,
comparable to diffusion Monte Carlo. This enables simultaneous, controlled extrapolation of full-system
AFQMC calculations to the thermodynamic and complete-basis-set limits across insulating, metallic, and
strongly correlated solids, without embedding, local approximations, empirical finite-size corrections, or
composite schemes. Our results establish AFQMC as a general-purpose, systematically improvable
alternative to diffusion Monte Carlo and coupled-cluster methods for predictive ab initio simulations of
solids, enabling accurate energies and magnetic observables within a unified framework.
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I. INTRODUCTION

Accurate simulation of solid-state systems is crucial
across many areas, from fundamental science to technol-
ogies spanning disciplines such as condensed matter
physics, materials science, and chemistry. The de facto
workhorse in electronic structure calculations of materials
is Kohn-Sham density functional theory (DFT) [1,2]. While
approximate, due to the balance between accuracy and cost
[O(N?) with N being the system size], it has been applied
to a broad range of solid-state problems [3—7]. The two
challenges in DFT have yet to be overcome: strong
correlation [8—10] and self-interaction error [11]. Solving
these challenges within the DFT framework is an interest-
ing direction, but an alternative active research area is to use
many-body methods that go beyond DFT. Because the cost
of these many-body methods scales more steeply with
system size than that of DFT, one often struggles to reach
the thermodynamic limit (TDL) and complete-basis-set
(CBS) limit with these methods. We briefly review ongoing
efforts in this area and highlight the challenges.
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One of the most widely used many-body approaches for
solids is fixed-node diffusion Monte Carlo (DMC) [12-14],
which approximately performs imaginary-time evolution. It
has an attractive O(N?) cost per statistical sample [15] and
O(N?) storage cost [16]. Moreover, it works directly in the
CBS limit. Two sources of bias in DMC are difficult to
control and quantify: pseudopotential and fixed-node
errors. The pseudopotential error in DMC has often been
a significant source of error [17-19], and a more accurate
pseudopotential is still an active research area in DMC
[20-23]. The fixed-node error is the bias introduced to
control the sign problem and maintain statistical efficiency.
While some prior work exists [24,25], quantifying the
fixed-node error has been challenging, partly because it
operates in the CBS limit, where obtaining exact, reference-
theoretical results for comparison is difficult.

Another popular class of methods applied in a solid-state
context is diagrammatic methods, such as the random-
phase approximation (RPA) [26-30] and coupled-cluster
(CC) methods [31-33]. In particular, CC with singles,
doubles, and perturbative triples [CCSD(T)] is the gold-
standard method for gapped systems with mainly dynamic
correlation [34-36] at the cost of O(N7) with O(N*)
storage [37,38]. Unlike DMC, these methods can perform
all-electron or projector-augmented-wave calculations, so
pseudopotential errors have not been a significant concern.
However, these methods work in a finite basis, so one must
extrapolate correlation energies to both the CBS and TDL
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limits. While accuracy is reliable, performing CCSD(T)
calculations at these limits often requires local correlation
approximations, even for simple solids [39], introducing
biases stemming from these approximations. It is also
possible to utilize more advanced size corrections [32] and
composite corrections via low-level methods [39—41] to
approximate the TDL. The underlying bias of these
corrections is often difficult to gauge.

We would also like to mention embedding approaches in
which one defines a local impurity problem that is solved
accurately, while the rest of the problem is handled by a
mean-field method. Dynamical mean-field theory [42-44]
and density matrix embedding theory [45,46] belong to this
category. These approaches help achieve the CBS and TDL
for a given impurity method. Still, their accuracy is
ultimately limited by the underlying impurity solver and
by the locality error (similar in spirit to local correlation
methods). Completely removing the locality error is pos-
sible by increasing the impurity size, but the (steep)
computational scaling of the impurity solver quickly limits
this strategy. Because these approaches inevitably intro-
duce locality errors, they motivate alternative methods that
can reach the TDL without embedding.

Driven partly by the success of constrained-path aux-
iliary-field quantum Monte Carlo [47-49] for the Hubbard
model and other related lattice models [50-52], ab initio
phaseless  auxiliary-field quantum Monte Carlo
(AFQMC) [53,54] for studying molecular systems has
gained significant attention in recent years [55-62].
Simulating ab initio solid-state systems with AFQMC
has received relatively less exploration due to the substan-
tially greater computational cost of faithfully performing
the TDL and CBS extrapolations without relying on
composite schemes [63], downfolding [64], or DFT-based
size corrections [65-68]. While relying on these, prior
solid-state  AFQMC applications have used relatively
coarse k-point sampling [69—71]. This restriction is partly
due to the O(N*) computational cost and the O(N?)
storage requirements of AFQMC when used with an
arbitrary basis, which ultimately constrains the calculations
to a smaller basis set and k mesh than desired. Compared to
the more widely used DMC for the same purpose, AFQMC
has indeed seen more limited adoption.

The purpose of this paper is, by leveraging the new
techniques presented here, to place phaseless AFQMC
among the above-mentioned state-of-the-art ab initio tech-
niques and to demonstrate its unique strengths in scal-
ability, storage cost, and flexibility for systematic
improvement in studying ab initio solids. Like DMC,
AFQMC approximately performs imaginary-time evolu-
tion with the phaseless constraint [53,54] to control the sign
problem. Like CC methods, AFQMC can perform all-
electron calculations and use a finite basis set, which
ultimately requires CBS extrapolation. The only significant
source of error in AFQMC, as long as one can faithfully

reach the TDL and CBS limits, is the bias introduced by the
phaseless approximation. With more advanced trial wave
functions [56,58,59,61,62,72-77], one can hope to gauge
the level of this bias, even for sophisticated systems, as we
show in this work. Encouragingly, even with a simple
Hartree-Fock (HF) trial wave function, AFQMC typically
achieves higher accuracy than CCSD [78]. Moreover, for
the same single-determinant trial, AFQMC exhibits sub-
stantially smaller bias than DMC [79].

Our work employs an advanced tensor factorization
strategy in quantum chemistry, known as tensor hyper-
contraction (THC) or interpolative separate density fitting
(ISDF) [80-86], with k-point sampling, to bring these costs
down to O(N?) compute and O(N?) storage costs, reaching
the scaling of DMC. This development, combined with the
efficient use of graphics processing units (GPUs) [70] and
newly developed correlation-consistent basis sets [87],
removes the primary algorithmic barrier that previously
prevented AFQMC from reliably accessing the TDL and
CBS simultaneously for the systems considered in
this work.

Our work reasserts the competitive advantage of
AFQMC over solid-state CC methods through its favorable
scaling and flexibility for improvement while also distin-
guishing it from DMC through its all-electron capability.
Note that, although all-electron DMC calculations in solids
are, in principle, possible within the full-potential linearized
augmented plane wave formalism [88], they are limited to
small cells (< 10 atoms) and light elements due to the
intrinsic difficulty of treating core electrons in real space.
By contrast, AFQMC operates in an orbital-space repre-
sentation, so all-electron calculations are natural and do not
require any modification of the formalism [89]. To make it
clear, we listed the computational scaling and limitations of
the state-of-the-art electronic structure methods related to
solid-state applications in Table I. Hence, this work
establishes AFQMC as one of the most promising

TABLEI. Comparison of various electronic structure methods.
A v denotes a demonstrated capability with published imple-
mentations, a A indicates a capability that may be theoretically
feasible but is currently impractical without additional tricks, and
an X denotes a capability that is not feasible yet for systems
considered in this work. AFQMC represents our work, noting the
status before and after. DMC and AFQMC costs are per sample.
TDL = thermodynamic limit. CBS = complete-basis-set limit.

DFT CCSD CCSD(T) DMC AFQMC

Scaling N3 N° N7 N> N*->N?
Metallic v v X v v
TDL and CBS v A A v A—>V
All-electron v v v A v
Beyond single X X X v v

determinant
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many-body methods for simulating realistic solid-state
systems, as we elaborate with concrete examples.

This paper is organized as follows: In Sec. II, we briefly
overview the theory for the conventional AFQMC algo-
rithm applied to periodic systems, which has been pre-
sented in Refs. [70,90], the basic notations and formalism
of periodic THC using ISDF [85], and AFQMC combined
with THC for systems with k-point symmetry. We also
analyze the sources of error in the calculations and
systematically correct them using a consistent protocol.
In Sec. III, we report the cohesive energies for several
representative simple solids calculated using AFQMC:
diamond, silicon, bcc lithium, and fcc aluminum, as well
as the Heisenberg exchange constant J, for strongly
correlated systems, NiO and CaCuO,. More relevant
details, including the theoretical aspects of our method,
our extrapolation scheme, and other technical details, are
provided in the Appendixes.

II. THEORY

A. Overview of AFQMC

We briefly summarize standard AFQMC to establish
notation and highlight the computational bottlenecks. In
particular, we focus on its application to solid-state systems
under periodic boundary conditions. Some low-level
AFQMC details are omitted for clarity, but we present
them in Appendix A for completeness.

In the Bloch orbital basis, the second-quantized elec-
tronic Hamiltonian reads

E :E :h[’qapko'aqkﬂ

qk -
+- ZZZ Pk, rk + q|gk’ + q, sk’)
2 kg o
x al’kff Zk’+qv’a k'o’ drk+qo> (1)
where h%, and (pk,rk + q|gk’ + q,sk’) are the one-

electron and two-electron integrals, respectively, and Kk,
k', and q are sampled from the first Brillouin zone. Since
the Coulomb kernel is positive definite, we can perform the
Cholesky decomposition on the two-electron integral:

(pk7 rk + q|qk’ + q, Sk/) = ZLLI? rk+qL};l?’*qk’+q (2)
14

where L represents the Cholesky vectors and this is the
cause of O(N?) storage cost in solid-state AFQMC [more
precisely, O(N7n®) with N; being the number of k points
and n being the size of the unit cell].

For AFQMC, we write the two-body part of the
Hamiltonian into the sum of operator squares to which
we apply the Hubbard-Stratonovich (HS) transformation
[91,92]. By defining

1
* i
H, ZZ|: rq EZL;E rk+qLZ11?rk+q:| pkaaqkm (3)

pgk o

the remaining two-body part can be written as

where

ZZka rk+q pko’ Ark+q.0° (5)

prk o

We can further write the two-body Hamiltonian as
N 1 A X
== 3 M5+ Ll ()
rq
where the L ;fq operators are defined as

. L, +L7
L= (25 ). 0

with coefficients ¢, =i and c_ = 1, achieving the neces-
sary sum-of-squares form.

AFQMC approximates the exact ground state |¥,) of
this Hamiltonian by performing an imaginary-time evolu-
tion on an initial state |¥;) which is not orthogonal to the
ground state (with discrete times) [54]:

o) o lim (&) ), (8)

Using the Hubbard-Stratonovich transformation [91,92],
we can write the short-time propagator as an integral over
the auxiliary fields:

oAkl :/dNauxxp( VB(x) + O(AL?), )

where Ny, = N,Ng,
tribution, and B(x) is the propagator given by

e—Afﬁl’l/zevAfZ

p(x) is the standard Gaussian dis-

B(X) = quLy‘I+quLyq)e—Aﬂ:l’l/2' (10)
We sample these propagators and represent the global wave
function at a given imaginary time as (without importance
sampling)

= 3 W[y, (11)

where |®,) is the ath walker wave function (i.e., a Slater
determinant) and w, is the corresponding weight. In
practice, we control the variance using importance
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sampling techniques, specifically, the force bias and mean-
field shift, as well as the phaseless approximation The
importance sampling and phaseless constraints are
achieved by introducing a trial wave function |¥;), whose
quality ultimately determines the accuracy of phaseless
AFQMC. We discuss the phaseless error in Sec. II D. More
rigorous implementation details are provided in
Appendix A 2.

According to the Thouless theorem [93,94], the action of
B(x) on a Slater determinant parametrized by C is given by
the matrix

C' = B(x)C. (12)

We define the one-body Hamiltonian matrix as

1 q*
[hl]pk,qk’ = <h11§q - z ZLLI? rk+qLZk rk+q> 5k-k/’ (1 3)
rq

and HS transformed two-body propagation matrix Vgg as

7. k=K'
Vislpeare = O (¥a- kka qk/ TVl ) (14)
14

where

1

X zi(ix;q—x;q). (15)

iyt - .
74~ 5 (ixyq + Xyq); Yra
Then, the propagator matrix B(x) can be written as

B(x) — e—Arh]/Ze\/EVHSe—Afhlﬁ’ (16)

from which we can see the propagation step in the original
AFQMC formalism scales as O(N3n®), which does not
exhibit any scaling reduction from the k-point symmetry.
This completes the summary of the relevant technical
details for walker propagation in AFQMC. The computa-
tion of estimators and the standard Cholesky-based local
energy computation are summarized in Appendix A 4.

B. Periodic THC using ISDF

Periodic ISDF [85,95-97] aims to decompose the orbital
product into the following form:

Pk (r) = @k (r)p I (x)

ZZC%(I‘) ;lf (rp)

where the set of interpolating points {rp} is a subset of all
grid points {r} and {{%}(r)} are the interpolating vectors.
Since the orbitals satisfy Bloch’s theorem, it is straightfor-
ward to verify that the interpolating vectors {{3(r)} are
also Bloch functions. By defining

) (), (17)

1
M3, = / T L5 (18)

r—r

we can bring the electron repulsion integral (ERI) tensor
into the following THC form:

Z¢

X ¢:1( T (rg)gk (rg).  (19)

(uk. vk + q|AK’ + q.0k') ()M,

where P and Q label ISDF interpolating points and the total
number of interpolating points Nygpr needed to achieve a
fixed accuracy is found to be a constant multiple of the
number of basis functions M, namely, Nispr = cisprM
with cgpp & 10-20 [84,85,98] (see also our own conver-
gence test in Appendix A 6). We follow the procedure of
Ref. [99] to select the interpolating points. Defining

S4 := paipa, (20)
with p% = pl.; = of dimension (N M?) x Nyiq, we then
apply a pivoted Cholesky decomposition to S9. During
this iterative factorization, the algorithm selects interpolat-
ing points until the prescribed threshold ejgpg is reached.
To avoid N repetitions of the Cholesky procedure, we
take the interpolating points only at q = 0 and use the
same set of grid points for all other k points. This has been

shown to introduce negligible errors in the final result
in Ref. [85].

C. k-point THC-AFQMC

THC-AFQMC without k-point symmetry was first
reported in Ref. [98], so we focus here on key
differences due to the use of k-point symmetry in our
work. We refer to this THC approach with k-point
symmetry as k- THC AFQMC.

For each q, M}, is a positive-definite Hermitian matrix,
which can be denved from the positive definiteness of the
Coulomb kernel 1/r,. Hence, we can perform Cholesky
decomposition on it:

My, = ZR‘] RY,. (21)

In this factorization, we do not exploit the low rankness
since M qPQ is already rank-revealed, so we retain the full-
rank of M‘}Q. Because the number of ISDF grid points is
typically only 10-20 times the number of basis functions,
the cost of this decomposition is usually negligible com-
pared with the other steps. By defining

[A,},,q = Z Z l//]; (rp)*y

Pk pro

+q(rP) Py pko‘ Ark+qo> (22)
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where y/l;(rp) denotes the orthogonalized basis functions
evaluated on the ISDF grid, we recover the same two-body
Hamiltonian as in Eq. (6). With this form, the contraction in
the two-body propagator can be performed differently from
that of conventional algorithms to reduce the scaling.
The key step in propagation is the action of the matrix
Vys on the walker wave function, which can be written as

[Viis @] i = Z ([RxJg=* + [R*y]57*")
rk”.P

X l//l;(rp)l//lr(”(rp)[q)} rk” ik'> (23)
where [Rx]3 =37, R}, %, q, [R'Y]p = >, R}, ,q> and x, 4
and y, o are the auxiliary fields defined in Eq. (15). This
contraction strategy avoids the explicit construction of the
two-body propagator and is key to reducing the memory
footprint and computational cost. Precontracting the Bloch
basis functions with the walker wave function reduces the
cost from O[N7M?(Nspg + N7 )] (building and apply-
ing Vg [98]) to O[N?Nispphioec(Ny + M)], as shown in
Algorithm 1, where n,, is the number of occupied orbitals.
More details are given in Appendix A 3.

The local energy expression with THC-decomposed ERI
is then given by

- wlie,
“ <TT|(I)G(>
a,o k
= Zhl;qG;k,qk + Z yh(ep)yr A (rp) M3,
pgk.o pqrs.PQ.kk'q
o0
k' +qx* K’ G*° Ga,(r’
XYy (rQ)l//s (rQ)( Pk.rk+q ™~ gk/+q,sk’
— 050 GZf,sk’GZi(a’+q,rk+q)’ (24)
where |¥7) is the trial wave function and
o _ <lPT|aj)k{yal’k+q17|®a> (25)
pk.rk+q <‘PT|(Da>

is the one-particle Green’s function calculated with the ath
walker. With appropriate contraction paths, the scaling for
evaluating the local energy is O(N3in®), or O(Nin%),
depending on the choice of algorithm. This is better than
the conventional scaling of O(N;n*). More theoretical
details are given in Appendix A 4.

In principle, it is possible to achieve the same scalings by
using a plane-wave basis set as a primary basis [53,100].
When combined with the projector augmented-wave
method [71], pseudopotential errors can be further reduced.
However, plane waves do not provide a compact repre-
sentation for recovering correlation energy [89], which
makes CBS extrapolation particularly challenging. In con-
trast, our k-THC-AFQMC formulation works in a much

more compact Gaussian orbital basis, enabling CBS
extrapolation in the same efficient manner as in standard
quantum chemistry calculations [101,102].

D. Sources of the error

Before moving to the results and discussion, we provide
a complete list of sources of error in our AFQMC
calculations along with the strategies we employed to
assess and mitigate them. We assume that the THC
factorization, time step, population control bias, finite-size
effects, and basis-set incompleteness errors are negligible
due to our appropriate handling.

For the purpose of the current study, three remaining,
relatively significant errors come from the following.

(1) Atomic phaseless error—It is relevant only in the
cohesive energy calculations, which is from the
phaseless constraint imposed in the isolated-atom
reference calculations.

(2) Crystalline phaseless error—It is associated with
the phaseless bias introduced in solid-state systems
calculations, which depends on the quality of the
trial wave function. We use spin-restricted HF
(RHF) or spin-unrestricted (UHF) trial wave func-
tions in this work. This trial choice is the most
scalable for AFQMC.

(3) Pseudopotential error—In AFQMC, this is an op-
tional source of error, defined as the difference
between the relative energy obtained with a pseudo-
potential (using the corresponding pseudopotential
basis set) and the all-electron relative energy calcu-
lated with Dunning’s correlation-consistent basis sets.
Note that pseudopotentials typically incorporate sca-
lar relativistic effects through their parametrization,
whereas the all-electron nonrelativistic Hamiltonian
does not include any relativity. Because the heaviest
elements considered in this study are 3D transition
metals, we expect relativistic effects to be small.

Each of these errors can affect the computed relative
energies by several mE,, and their relative importance
depends on problems.

To quantify the atomic phaseless error, near-exact atomic
reference energies could be obtained with brute-force
methods such as full configuration interaction (FCI) or
selected CI [103—-108]. To obtain accurate cohesive ener-
gies, we evaluate the energy of the isolated atom sur-
rounded by ghost atoms in order to account for the basis-set
superposition error [70,109,110]. This setup substantially
increases the number of basis functions, making exact
solvers computationally demanding if not infeasible.
Consequently, we compute the atomic correction without
ghost atoms and add it to the AFQMC results obtained with
ghost atoms, assuming that ghost atoms introduce only a
constant shift in the total energy.

To assess the crystalline phaseless error, which depends
on the k-point mesh, the ideal approach would be to
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perform exact calculations in the thermodynamic and
complete-basis-set limits. Since such calculations are not
tractable at the system size scale needed for the present
study, we instead estimate the error using AFQMC with
configuration interaction with singles and doubles trial
wave function (CISD-AFQMC) [61] on smaller cells with a
small basis set. We then assume that the crystalline
phaseless error does not increase significantly with system
size and varies little with the basis-set size.

Finally, to estimate the pseudopotential error, we com-
pute the difference between pseudopotential-based relative
energies and corresponding all-electron values. Because of
the limitations of available all-electron SCF solvers, how-
ever, these calculations can be performed only for small
supercells in a double-zeta (DZ) basis, since convergence
becomes increasingly difficult for larger cells and basis sets
because of linear dependency issues.

Certainly, the above corrections for the crystalline
phaseless error, as well as for the pseudopotential errors,
are not exact, since they are evaluated only at the DZ level
with relatively small supercells. For the crystalline phase-
less error, this approximation is unavoidable because exact
solvers are computationally infeasible for large basis sets
and supercells, and the correction can be reliably estimated
only at lower levels of theory. Nevertheless, we observe
only minor changes in the pseudopotential corrections
when increasing the k mesh from 2 x2x2 to 3 x3 x 3
(see Appendix C for details), suggesting that the residual
error in these corrections is unlikely to exceed their
magnitudes. Ultimately, pseudopotential errors can be
completely eliminated by utilizing all-electron calculations.
We will report more all-electron results in the future by
leveraging recent advances [84,111].

In what follows, we analyze the impact of each error
source in detail for each system and, where possible, apply
corrections to reduce its effect on the final results.

III. RESULTS

In this section, we present benchmark calculations
obtained with our k-THC-AFQMC approach for both
structural and magnetic properties across representative
classes of solids. We provide an overview of the systems
studied in this work and the corresponding system sizes in
Table II. As a comparison, we also provide a summary of
prior solid-state AFQMC calculations in Table XII. In what
follows, we refer to k-THC-AFQMC as AFQMC for
simplicity unless the context is insufficient to make it
unclear.

We first report cohesive energies for prototypical semi-
conductors (diamond and silicon) and simple metals (bcc Li
and fcc Al), with careful attention to thermodynamic-limit
extrapolation. We then turn to correlated transition-metal
oxides, where we extract magnetic exchange couplings
for NiO and CaCuO, from total-energy differences.

TABLE II.  k mesh, basis set, total number of orbitals (N,), and
total number of electrons (N.) for the largest calculation
performed for each system considered in this work. Note that,
for NiO and CaCuO,, the computational cost is approximately
doubled relative to the other systems because we use UHF
(instead of RHF) trial wave functions.

System k mesh Basis set N, N,
C 5x5x5 QzZ 13 000 1000
Si 5x5x5 QzZ 13000 1000
Li 5x5x%x5 QzZ 9250 750
Al 4x4x4 QzZ 12032 768
NiO 4x4x4 DZ 6016 3072
3x3x3 QzZ 8046 1296
CaCuO, 3x3x2 DZ 5904 2952

Furthermore, we report the local magnetic moment in
the antiferromagnetic (AFM) ground state of NiO.
Together, these results assess the accuracy, robustness,
and practical scope of the method for insulating, metallic,
and strongly correlated materials. These examples are
intended to demonstrate that the THC formulation materi-
ally expands the range of realistic solid-state AFQMC
studies that can be carried out with simultaneous control of
finite-size and basis-set errors rather than to serve as
isolated showcase calculations. Achieving reliable TDL
and CBS limit estimates generally requires simulations on
dense k meshes and large basis sets, which was not
possible without the techniques developed in this work.

A. Semiconductors

The ground state of prototypical semiconductors is
relatively well established as a benchmark for various
density functionals and many-body approaches [112,113].
Here, we study them to validate our AFQMC approach and
to stress test the computational cost required for reliable
basis-set and size extrapolations.

1. Diamond

We first apply our method to diamond, one of the most-
studied systems. It is considered a single-reference system,
as manifested by previous DFT [114], coupled-cluster [39],
single-determinant DMC [115], and AFQMC [70] calcu-
lations. DFT methods, Perdew-Burke-Ernzerhof (PBE) and
Heyd-Scuseria-Ernzerhof (HSE), overestimate the cohesive
energy by 1%—2%, as shown in Fig. 1. Previous DMC and
AFQMC also match the experiment closely. We note that
the prior AFQMC calculation [70] used triple-zeta (TZ)
3 x 3 x 3 and 4 x 4 x 4 k-point calculations to obtain the
TDL correction for quadruple-zeta (QZ). We verified that
this error is small via TDL extrapolations of the QZ basis
set in our calculations, as shown in Fig. 14(a) in
Appendix B. Mgller—Plesset perturbation theory (MP2)
substantially overestimates the cohesive energy, whereas
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MP2| ... Expt. (1977) : ¢

BWs2| == Expt. (2004) 4
PBE i
HSE |
LNO-CCSD A 1
LNO-CCSD(T) Ay
DMC ]
Prev. AFQMC 1o/

Uncorr. AFQMC Fh
AFQMC

7.2 74 7.6 7.8
Cohesive energy (eV)

FIG. 1. Error in the cohesive energy of diamond crystal
predicted by different methods relative to experimental values
[114,118,119]. MP2, LNO-CCSD, and LNO-CCSD(T) values
are taken from Ref. [39]; the size-consistent Brillouin-Wigner
approach (BWs2) value is taken from Ref. [117]; PBE and HSE
correspond to the Heyd-Scuseria-Ernzerhof and Perdew-Burke-
Ernzerhof functionals, respectively, with values from Ref. [114];
the DMC result is from Ref. [25]. The previous AFQMC result
(denoted as “prev. AFQMC”) is taken from Ref. [70]; the
AFQMC result is from this work, which is corrected for atomic
phaseless, crystalline phaseless, and pseudopotential errors as
described in the main text. The uncorrected AFQMC value is
denoted as uncorr. AFQMC in the plot and is also given in
Appendix F.

the size-consistent Brillouin-Wigner perturbation theory
(BWs2) [116,117] yields a much more accurate result.
CCSD performs worse than AFQMC, consistent with
observations in previous studies [78]. As expected,
CCSD(T) significantly improves upon CCSD.

Using AFQMC, we obtain a cohesive energy of 7.53
(2) eV, in close agreement with the experimental values of
7.55 [114,118] and 7.52 eV [119] [the latter is calculated
from the formation enthalpy difference between two
species at 0 K in the ATcT table and applying the zero
point energy (ZPE) correction from Ref. [114], and the
error bar is negligible]. Ours is the first AFQMC study to
reliably target the TDL and CBS simultaneously, without
any local approximations or composite corrections, thereby
enabling transparent analysis of finite-size and basis-set
effects. In practice, the order of the TDL and CBS
extrapolations does not affect the final estimate when the
same data points are used, because both the TDL and CBS
extrapolations are performed using fixed ordinary least-
squares fits on the same complete rectangular grid of
system sizes and basis sets. For fixed extrapolation coor-
dinates, each fitted intercept is a fixed linear combination of
the input energies. Consequently, applying the TDL and
CBS extrapolations in either order yields the same result,
except for numerical roundoff. We verified this equality
directly for the data used in this work.

One may wonder whether AFQMC can be used to obtain
finite-size and basis-set corrections for other many-body
methods, such as coupled-cluster methods. By defining

AE e (TDL) = Eop (TZ;TDL) — Eo(TZ:3x3x3),  (26)
AE,4,(CBS) = E.;,(CBS; TDL) — E,,,(TZ; TDL), (27)

we find AEATMC(TDL)=0.26(2)eV and AEATVC(CBS)=
0.22(2)eV. For comparison, MP2 yields AEMP2(TDL) =

coh

0.21 eV and AEMP?(CBS) = 0.23 eV [39]. Applying our
AFQMC finite-size and basis-set corrections to local natural
orbital (LNO)-CCSD and LNO-CCSD(T) shifts their cohe-
sive energies to 7.34(2) and 7.52(2) eV, respectively, bringing
both into slightly better agreement with experiment. While
the most reliable approach is to perform TDL extrapolation
consistently within the same method, AFQMC may yield
more accurate correction terms than other low-scaling
methods, such as MP2 or RPA.

How can we understand the near-exact accuracy of
AFQMC presented here? As first reported in Ref. [78],
AFQMC performs poorly for atomic ground states with
total orbital angular momentum other than S. For example,
the atomic energy error for carbon is 3.74 kcal/mol in the
aug-cc-pVTZ basis set, corresponding to a cohesive-energy
error of approximately 0.16 eV. The apparent agreement
observed here must, therefore, be the result of a substantial
cancellation between the atomic phaseless error and other
error sources. To investigate this behavior, we apply our
error-analysis strategy described in Sec. I D to this system.
The corresponding results are shown in Fig. 2.
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FIG. 2. Errors in AFQMC from different sources contributing
to the cohesive energy of diamond, including the atomic phase-
less error, crystalline phaseless error, and pseudopotential error.
The atomic phaseless error is corrected using semistochastic heat-
bath configuration interaction (SHCI) for TZ and QZ basis sets,
and the results are extrapolated to the CBS limit. The crystalline
phaseless error is corrected using CISD-AFQMC on a2 x 2 x 2
supercell in the DZ basis. The pseudopotential error was
corrected using a 3 x 3 x 3 supercell at the DZ level. For clarity,
the error bars for the corrections are not shown, as each is smaller
than 0.01 eV, which would increase the final uncertainty
by 0.01 eV.
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The crystalline phaseless error is small, which is
expected for a single-reference problem like diamond.
The other main error in diamond is the pseudopotential
error, which nearly cancels the atomic phaseless error. After
correcting all these errors, the error of the cohesive energy
of diamond becomes approximately 0.03 eV compared to
the experimental value, which is within the error bar of the
corrected values. Interestingly, AFQMC with a single-
determinant trial wave function becomes slightly lower
in energy than CISD-AFQMC as we simulate larger
supercells. To validate this, we calculated the energies
for various anisotropic supercells, and we observed the
same trend (see Appendix C for details). Assuming CISD-
AFQMC is nearly exact compared to FCI or selected CI
(which has been verified for smaller supercells) for these
supercell sizes, we conclude that single-determinant
AFQMC could show slight nonvariationality in larger
supercells for diamond.

2. Silicon

Having established the reliability of our method in
diamond, we now turn to silicon as the next system of
interest. The shared crystal structure enables a straightfor-
ward comparison. Silicon’s longer bond length and weaker
covalent bonding character make it a complementary and
important benchmark for AFQMC. Moreover, the band gap
of silicon (1.12 eV [120]) is much smaller than that of
diamond (5.5 eV [120]). Therefore, electron correlation
effects are expected to become more pronounced in silicon.

In Fig. 3, we present cohesive energies of silicon
computed by various approaches. The experimental values
are 4.68 [114,118] and 4.73 eV [119], where the latter value
was obtained using the same ZPE correction procedure as
for diamond. Single-determinant DMC with a PBEQ trial
wave function gives 4.683(3) eV, in excellent agreement
with the experimental results, albeit relying on the can-
cellation of the atomic fixed-node error [121]. DFT
performs reasonably well: PBE and HSE predict cohesive
energies of 4.56 and 4.58 eV, respectively, corresponding to
relative errors of 3%—4%. Among correlated wave-function
methods, performance is mixed: MP2 (4.96 eV) is slightly
worse than PBE, whereas CCSD (4.15 eV) underbinds
substantially, consistent with the trend observed in dia-
mond. Previous AFQMC result based on Gaussian orbitals
significantly underestimated the cohesive energy due to
finite-size and finite-basis-set errors [63]. Prior plane-wave
AFQMC gives decent agreement with experiment,
although finite-size effects were addressed using the
local-density approximation (LDA) correction [53].

Interestingly, despite the structural similarity between
the two systems, our AFQMC performs markedly worse for
silicon. Our single-determinant AFQMC yields a cohesive
energy of 4.89(2) eV with the GTH-HF-rev refers to the
Goedecker-Teter-Hutter pseudopotential optimized for
Hartree-Fock, which corresponds to a deviation of 0.16

MP2
PBE
HSE

CCSD| A
VMC ® |
DMC/LDA ®
DMC/PBEO (@
Prev. AFQMC © :
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Cohesive energy (eV)
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FIG. 3. Error in the cohesive energy of silicon crystal predicted
by different methods relative to experiment [114,118,119]. The
MP2 value and the CCSD value are from Ref. [122]; PBE and
HSE values are taken from Ref. [114]; VMC and DMC/LDA
results are from Ref. [123], and the DMC/PBEQ result is from
Ref. [121]; prev. AFQMC denotes the previous AFQMC result
from Ref. [63]; prev. pw AFQMC denotes the previous plane-
wave AFQMC result from Ref. [53]. Note that we apply the ZPE
correction to the experimental value, so we removed it from the
pw AFQMC result. AFQMC result is from this work, which is
corrected for atomic phaseless, crystalline phaseless, and pseu-
dopotential errors as described in the main text. The uncorrected
AFQMC value is denoted as uncorr. AFQMC in the plot and is
also given in Appendix F.

(2) eV compared to the more recent experimental value.
This is significantly larger than the errors observed for
diamond. According to our error analysis in Fig. 4, the
dominant source of error arises from the atomic phaseless
bias. The pseudopotential error for silicon is considerably
smaller than that for diamond. Hence, there is no fortuitous
cancellation of error in silicon. This explains why AFQMC,
without any corrections, yields accurate results for diamond
but performs poorly for silicon. After correcting the atomic
energies, we obtain a significantly improved cohesive
energy for silicon, as shown in Fig. 3. We note that this
correction would lead to a much worse cohesive energy for
the prior pw AFQMC result, suggesting that their LDA-
based finite-size correction is ill behaved for this example.

In summary, single-determinant AFQMC performs rea-
sonably well for covalent crystals with almost no multi-
reference character. These analyses suggest that if all-
electron calculations for all system sizes were performed
(which we defer to future work) and the atomic energies
were corrected using higher-level solvers, AFQMC could
achieve quantitatively accurate cohesive energies for cova-
lent solids even without explicit correction of the crystalline
phaseless error.

B. Metals

Perturbative methods break down for metals because
they involve energy denominators that typically vanish in
metallic systems, ultimately leading to divergent energies.
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FIG. 4. Errors in AFQMC from different sources, including
atomic phaseless, crystalline phaseless, and pseudopotential error
in the cohesive energy of silicon. The atomic phaseless error was
corrected using SHCI for TZ and QZ basis sets, and the results
were extrapolated to the complete-basis-set limit. The crystalline
phaseless error was corrected using CISD-AFQMC on a 2 x 2 x
2 supercell in the DZ basis. The pseudopotential error was
corrected using a 3 x 3 x 3 supercell at the DZ level. The error
bars for the corrections are not shown, as each is smaller than
0.01 eV, which would increase the final uncertainty by
less than 0.01 eV.

These methods include even the gold-standard coupled-
cluster method, CCSD(T). This limitation of CCSD(T)
spurred new approximate triples corrections in recent
years [41,124]. As a fully nonperturbative approach,
AFQMC can, in principle, handle electron correlation in
metallic systems without any extra care. Indeed, Lee,
Malone, and Morales demonstrated that AFQMC yields
accurate results for the uniform electron gas at high density
(r¢ £2.0), although its accuracy degrades in the low-
density regime [125]. We note that existing AFQMC
benchmarks for the uniform electron gas have primarily
addressed the high- to intermediate-density fluid
regime [57,125,126], while the performance of phaseless
AFQMC at low density, especially near Wigner crystal-
lization, is an interesting future direction.

There are additional complications that arise for metallic
systems. First, we have nonuniform electronic occupation
over different k points in the HF trial wave function. To
efficiently perform dense matrix operations, we pad the
coefficient matrix with zeros at k points with occupation
below the maximum. This is also related to the fact that real
solids cannot naturally reach the “magic number” occupa-
tion like in the uniform electron gas model. The correlation
energy change between different, energetically close occu-
pations was found to be negligible, similar to what was
observed in DMC [127]. Next, we found that the

equilibration time of AFQMC was much longer than that
of semiconductors, as expected given its near-zero gap. To
handle this, we employed a much larger time step for
equilibration, after which we reset walker weights and
started a production run with a smaller time step. More
details are available in Appendix E 2 with relevant numeri-
cal results.

1. bcc lithium

We report the cohesive energy of bce lithium with an
experimental lattice constant of 3.453 A [114) using
AFQMC, a metal with a valence electron density corre-
sponding to r; =~ 3.2. The experimental value of cohesive
energy is 1.66 eV (ZPE corrected). As can be seen in Fig. 5,
DFT performs reasonably well, with PBE and HSE
predicting 1.61 and 1.57 eV, respectively, both very close
to the experimental value. This is not surprising, because
PBE is a nonempirical generalized gradient approximation
functional constrained to recover the uniform-electron-gas
limit and related exact conditions. Since Li is a nearly
“uniform” metal with relatively weak density inhomoge-
neity in the valence region, jellium-based constraints tend
to be more appropriate, which explains why PBE often
performs well for alkali metals.

On the other hand, coupled-cluster methods span from
1.39 eV (CCSD) to 1.54 eV [coupled cluster with singles,
doubles, and triples (CCSDT) and distinguishable cluster
with singles, doubles, and triples (DCSDT)], depending on
the excitation level. In contrast, the direct random-phase

BWs2 &
dRPA| @
PBE o
HSE o
LNO-CCSD A
CCSD A
CCSDT
DCSDT
VMC
DMC
Uncorr. AFQMC O
AFQMC

=== Expt.

e
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1.2 1.4 1.6 1.8 2.0
Cohesive energy (eV)

FIG. 5. Error in the cohesive energy of bee lithium predicted by
different methods relative to experiment [114,128]. The BWs2
value is from Ref. [117]; the dRPA value is from Ref. [39]; PBE
and HSE values are taken from Ref. [114]; the CCSD value is
from Ref. [40]; the CCSDT and DCSDT values are from
Ref. [41], and the LNO-CCSD data are from Ref. [39]; VMC
is from Ref. [129], and the DMC result is from Ref. [130].
AFQMC result is from this work, which is corrected for atomic
phaseless, crystalline phaseless, and pseudopotential errors as
described in the main text. The uncorrected AFQMC value is
denoted as uncorr. AFQMC in the plot and is also given in
Appendix F.
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approximation (dRPA) yields 1.21 eV, which is substan-
tially below the experimental value. The size-consistent
Brillouin-Wigner (BWs2) approach gives a good prediction
of 1.54 eV. DMC and variational Monte Carlo (VMC)
report 1.56(2) and 1.57(1) eV, respectively, both within
0.1 eV of the experimental value.

Our single-reference AFQMC calculation gives a cohe-
sive energy of 1.45(2) eV after TDL and CBS extrapolation.
This corresponds to a deviation of approximately 0.2 eV,
somewhat larger than what we observed for the previous
covalent crystals but still comparable to other state-of-the-
art many-body methods. Single-reference AFQMC clearly
improves upon HF, dRPA, and CCSD but exhibits a larger
deviation from experiment than DFT, DMC, and higher-
order CC methods.

We performed an error analysis of bcc lithium (see
Appendix C for details). Because the Li atom has a ground-
state total angular momentum S, AFQMC attains chemical
accuracy at the atomic level [78]. A crystalline phaseless
error is observed when comparing our results to CISD-
AFQMC for the 2 x 2 x 2 supercell at the DZ level, where
we found a correction of approximately 1.1 mE, (0.03 eV)
to the cohesive energy attributable to the crystalline
phaseless bias. Next, we found that the pseudopotential
error, corrected at the 3 x 3 x 3 DZ level, is 0.2033(5) eV.
Applying these corrections yields a final AFQMC cohesive
energy of 1.68(3) eV, which is in excellent agreement with
the experimental value. Interestingly, even the most costly
methods considered here, such as CCSDT, do not yield
quantitatively accurate cohesive energies for lithium, pos-
sibly also due to pseudopotential error in addition to
residual finite-basis and size effects.

2. fec aluminum

Another metallic system studied here is face-centered
cubic (fcc) aluminum, for which some benchmark data are
available for comparison. Compared to lithium, the alumi-
num crystal exhibits stronger covalent bonding between
atoms and is, therefore, less metallic in character. We model
fcc aluminum using a conventional supercell containing
four Al atoms with an experimental lattice constant
4018 A [114]. However, due to the well-known shell
effects [131,132], even at the HF level, it is challenging to
converge the total energies to the TDL. To address this, we
employ twist averaging [131,133,134] to accelerate con-
vergence at the HF level (see Appendix B for details).

Subsequent AFQMC calculations based on the HF
solution without twists exhibit a smooth extrapolation of
the correlation energy following the 1/N; behavior. With
size extrapolation, the resulting cohesive energy is 3.54
(2) eV, compared to the experimental value of 3.43 eV,
which corresponds to an error of approximately 0.11 eV
(see Fig. 6). Both CC methods significantly underestimate
the cohesive energy, whereas PBE and HSE are nearly
exact.

BWs2| ot gy !
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CCSD| A
CCOSD(T)gy A
VMC
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Uncorr. AFQMC
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3.0 3;2 3;4 316 3.8
Cohesive energy (eV)

FIG. 6. Error in the cohesive energy of fcc aluminum predicted
by different methods relative to experiment [114,128]. The BWs2
value is from Ref. [117]; PBE and HSE values are taken from
Ref. [114]; CCSD and CCSD(T)gy values are from Ref. [40];
VMC is from Ref. [135], and the DMC result is from Ref. [136].
The AFQMC result reported here is corrected for atomic
phaseless error, as described in the main text. The uncorrected
AFQMC value is denoted as uncorr. AFQMC in the plot and is
also given in Appendix F.

Our AFQMC error analysis reveals that the dominant
source of error is the atomic phaseless bias, since the
ground state of the Al atom has total orbital angular
momentum L = P [137]. After correcting for the atomic
phaseless error, the cohesive energy improves to 3.41
(2) eV, which is within 0.02 eV of the experimental value.
Unfortunately, the CCSD calculation for the 2 x 2 x 2
supercell could not converge, preventing a direct compari-
son between CISD-AFQMC and our AFQMC results.

In summary, with appropriate handling of pseudopoten-
tial errors and an atomic-phaseless bias, single-determinant
AFQMC can achieve near-exact accuracy in calculating the
cohesive energy of prototypical metals.

C. Transition-metal oxides

Transition-metal oxides are paradigmatic correlated
materials in which partially filled d shells give rise to
competing energy scales and nontrivial magnetic
order [138—140]. As a consequence, DFT often struggles
to predict their properties [44,141-143] and additional
empirical corrections such as +U are necessary for
qualitatively correct answers [144,145]. AFQMC, by con-
trast, has demonstrated superb performance in moderately
to strongly correlated molecular systems [54,55,146], moti-
vating its application to transition-metal oxides.

In this work, we focus on the Heisenberg superexchange
parameter J, which has been an important quantity for
understanding magnetic order in correlated materials. We
evaluate J in two prototypical systems: rock-salt NiO and
infinite-layer CaCuO, (CCO), with the latter being an
infinite-layer parent cuprate used as a minimal model for
CuO;,-plane physics [147].
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We calculate the Heisenberg exchange coupling constant
using an explicit broken-symmetry approach. In other
words, we evaluate the energies of various spin-sym-
metry-broken phases from which the Heisenberg exchange
parameters are obtained by fitting to a Heisenberg model:

H=-Y"1,8:"8;

1. NiO

For NiO, a nearest-neighbor (NN) Heisenberg
Hamiltonian is inadequate. Inelastic neutron scattering
shows that the dominant coupling is the antiferromagnetic
next-nearest-neighbor (NNN) exchange J,, and the NN
coupling J; is much smaller [148]. In fact, the FCC Ni
sublattice is frustrated with respect to NN exchange
interactions, so the magnetic ground state is determined
by the NNN exchange interactions [149]. Therefore, we
employ a Heisenberg model including both NN and NNN
interactions to extract the NN exchange parameter J; and
the NNN exchange parameter J,. The exchange parameters
can be calculated as [150]

(28)

J1 =2 (Earvi — Erm). (29)

0| =—

‘12 = (EAFMII - EFM) - Jl’ (30)

AN =

where AFMII is the ground state phase in which the spins
are ferromagnetically aligned within (111) planes and
alternate between successive (111) layers, as shown in
Fig. 7, whereas for AFMI the spins are ferromagnetically
aligned within (001) planes and alternate between adjacent
(001) layers. FM is the ferromagnetic phase in which all
spins are parallel throughout the crystal. Although the
broken-symmetry HF states corresponding to AFMI,
AFMII, and FM phases of NiO are approximate, the known
low-energy magnetic physics of NiO and the prior success
of analogous broken-symmetry approaches for magnetic
energy differences [150—153] support their use as trial wave
functions in the present AFQMC calculations.

FIG. 7.
of NiO.

Tllustration of the spin alignment in the AFMII phase

We obtained Heisenberg exchange parameters from
total-energy differences between distinct magnetic phases,
computed independently using AFQMC. Because the
energy differences are small (i.e., at the milli-Hartree level),
it might be helpful to use the correlated sampling
approach [154-156]. Unfortunately, correlated sampling
is not readily applicable in this context, especially because
population control decisions differ significantly across
magnetic phases. Computational details are given in
Appendix E3 a.

The calculated Heisenberg coupling constant is listed in
Table III. The DFT results depend strongly on the fraction
of exact exchange, and, by tuning this parameter, one can
get a broad range of values. The complete active space self-
consistent field (CASSCF) and complete active space
second-order perturbation theory (CASPT2) calculations
were performed on cluster models of Ni,O;, or Ni,Oy;.
CASSCEF yields values close to UHF, whereas including
second-order perturbative corrections in CASPT2 lead to a
substantial improvement over CASSCF. Self-consistent
GW (scGW) yields results similar to those of quasiparticle
self-consistent GW (QSGW), which both underestimate the
magnitude of J,. Density matrix embedding theory
(DMET) with a CCSD impurity solver yields exchange
couplings comparable to those obtained with GW.

For our AFQMC, we determine the exchange couplings
by extrapolating correlation energies to the TDL at the DZ
level using 3 x 3 x 3 and 4 x 4 x 4 k meshes (108 and 256
atoms, respectively). With the 3 x3x3 k mesh, we
obtained J; = —0.5+0.6 meV and J, = —-30(1) meV.
Because |J;| lies below our statistical error bar, we can
conclude only that J; is small in magnitude, consistent with
expectations. The apparent overestimation of |J,| at 3 x
3 x 3 is resolved by proper TDL extrapolation, yielding

TABLE III. Exchange couplings J; and J, calculated using
different methods. Fock-35 means that the exchange functional
consists of 35% Fock exchange and 65% Dirac-Slater exchange.

Method J; (meV) J, (meV) Reference

HF 0.8 -4.6 [150]

LDA 11.9 -71.3

B3LYP 2.4 —26.7

Fock-35 1.9 —19.7

CASSCF 0.5 -5.0

CASPT2 1.2 —16.7

scGW 1.63 —13.61 [152]

QSGW (4-approx.) -0.8 —14.7 [157]

DMET (CCSD) —14.05 [153]

AFQMC (downfolded) —18.0(5) [64,158]

HF 0.7 —4.6 This work

AFQMC —0.4(1.7) -19(2) This work

Expt. 1.4 —19.0(3) [159] [148]
—-1.4 -17.3 [160]

031044-11



JINGHONG ZHANG et al.

PHYS. REV. X 16, 031044 (2026)

30+ .
Z
g 20r
<
10F
0
DZ TZ QZ

FIG. 8. NiO |/,| values calculated on 3 x 3 x 3 supercell using
different basis-set sizes. Note that the difference we see between
J, here and that in Table III is due to the finite-size effect of the
3 x 3 x 3 supercell.

J, = —19(2) meV. Hence, a size correction for exchange
coupling is important.

To assess the basis-set effects, we repeat the calculation
with triple- and quadruple-zeta bases at 3 x 3 x 3 k mesh
and found only small changes in the coupling parameters,
as shown in Fig. 8. We also performed an all-electron check
at 3 x3x3 with a DZ basis set, and the resulting
pseudopotential error is small (see Appendix C for details).
At the present level of control over finite-size, basis-set, and
pseudopotential effects, a more discriminating comparison
among existing experimental estimates of J; and J, would
require substantially reducing the remaining statistical
uncertainty, which is beyond the scope of the current study.

Using these parameters, the NNN Heisenberg model
reproduces the NiO magnon spectrum as measured by
inelastic neutron scattering within statistical uncertainty, as
shown in Fig. 9. We note that Ma et al. reported AFQMC
results with downfolded Hamiltonians [64] using plane
waves and DFT-based finite-size corrections [65,66]. In
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FIG. 9. Magnon spectrum of NiO along the [111] direction
computed using a NN + NNN Heisenberg model with exchange
parameters extracted from AFQMC. The blue line indicates the
mean value, and the shaded region denotes +1o. Experimental
data are taken from Ref. [148].

contrast, our approach avoids such DFT-based finite-size
corrections and also allows for the assessment of pseudo-
potential errors relative to all-electron calculations.

Lastly, we calculate the magnetic moment on the
Ni atoms by calculating the Mulliken spin population
defined as

mNiA = Z Z(Plo(t - P})’()/U/Sll/(ﬂ‘ (31)

neNiy ko

Since this can be converted to the expectation value of a
one-body operator defined as

0= Sk(ahatina — Qppanp).  (32)

neNiy ko

we evaluate this expectation value by calculating the
response estimator [60,161-163]

d . R

dE, E,-E,
—_— H —_——  ~
d/1< + 10)

(0) ~ =R (33

where ¢ is a small real constant and we take ¢ = 107 in our
study. The difference between E, and E, is obtained with
correlated sampling. Correlated sampling is applicable
here, because E, and E, correspond to the same magnetic
phase and differ only by a small perturbation. Following
Refs. [60,164,165], we include the trial response by solving
the mean-field Hamiltonian with the small perturbation and
using the resulting perturbed HF solution as the trial wave
function for the perturbed calculation. For the AFMII
ground state, as shown in Table IV, we obtain a local
magnetic moment of m = 1.69(3) a.u., in very good
agreement with experiment and other many-body
approaches such as dynamical mean-field theory
(DMFT) and CCSD. It is also known that HF tends to
overestimate the magnetic moment because it overempha-
sizes an ionic contribution that stabilizes a larger local

TABLE IV. Local magnetic moment on Ni in the AFMII
ground state of NiO computed using various methods, together
with experimental values. See Appendix E 3 a for details.

Method my; (Up) Reference
PBE 1.34 [167]
CCSD 1.72
GW 1.83 [168]
LDA 4+ U 1.70 [169]
LDA + DMFT 1.70 [170]
GW + DMFT 1.69 [151]
HF 1.78 This work
AFQMC 1.69(3) This work
Expt. 1.64 [171]
1.77 [172]
1.90 [173]
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FIG. 10. Illustration of the spin alignment in the AFM phase of
CaCuO,. The structure is shown as a projection along the z axis.

moment [166]. This bias is substantially reduced once
electron correlation is included, as evidenced by the
markedly smaller magnetic moment obtained with
AFQMC.

2. CaCuO0,

As a cuprate parent compound with a clean, simple
crystal structure, CCO and related materials (such as
Ca,CuO3) have attracted substantial interest in computa-
tional studies [174—176]. CCO has a magnetic structure
different from that of NiO: It has a layered structure with
most of the strong correlation physics contained in the
[CuO,]?>~ plane. The magnetic structure of CCO, as shown
in Fig. 10, can be modeled by a 2D NN Heisenberg or a 2D
one-band Hubbard model. Therein, the NN exchange
coupling J is calculated as

1
J = 4 (Earpm — Epm) (34)
for both models. Based on the observation that the finite-
size effect is pronounced in NiO, we also perform extrapo-
lation to the TDL. It is a more stringent test than NiO, since
electron correlation effects are much more complex in it.
Because of its quasi-2D nature, we used an anisotropic k
mesh as suggested in Ref. [176]. We provide more
computational details in Appendix E 3 b.

In Table V, we present the exchange coupling of various
methods. DFT methods such as PBE + U and PBEO
significantly improve upon Hartree-Fock results, but they
either underestimate or overestimate |J| relative to the one-
band Hubbard model parameter. Similarly, both DMET
(CCSD) and DMC also slightly underestimate the
exchange coupling. AFQMC yields |J| = 190(15) meV,
which is higher than the NN-Heisenberg experimental
estimates (142—-158 meV), though within 2¢. In contrast,
it lies comfortably within the range of exchange parameters
extracted from the one-band Hubbard model, which pro-
vides a more correct representation of the measured spin-

wave spectrum in CaCuO, as shown in Ref. [177].

TABLE V. NN exchange coupling J (meV) for CaCuO,
computed using various methods.

Method —J (meV) Reference
HF 38.0 [176]
PBE + U 168.9
PBEO 213.9
DMET(CCSD) 1554
DMET(CCSD) 165.44 [153]
DMC 140(20) [175]
HF 38.1 This work
AFQMC 190(15) This work
Expt. (Heisenberg) 142 [178]
157 [179]
158 [177]
Expt. (Hubbard) 182 [177]
172(7) [180]

Because the exchange parameter J is inferred from
experiment by fitting to a chosen low-energy model, its
numerical value is model dependent. In the case of the
single-band Hubbard model, it naturally incorporates
effects of the interactions absent in the NN Heisenberg
model. The closer agreement with the exchange parameter
from the one-band Hubbard model, thus, suggests that
AFQMC captures sophisticated electron-correlation effects
that include longer-range and cyclic exchange processes in
addition to the simple NN exchange. One can, in principle,
obtain the cyclic exchange coupling J . to calculate the full
magnon spectrum for CCO using AFQMC. While we
expect this to be relatively straightforward, the required
error bar in each energy calculation would be smaller than
what we needed for J, and, hence, it will demand
substantially higher computational cost. Therefore, we
leave a more exhaustive investigation of the magnetic
properties of the normal state of high-7. materials for
future work.

IV. CONCLUSIONS

In this work, we developed a scalable AFQMC algorithm
for solid-state systems with Gaussian basis sets. By
combining the low-rank factorization of electron-repulsion
integrals with k-point symmetry, we removed the dominant
memory bottleneck in conventional Gaussian-based
AFQMC simulations. Furthermore, we introduced new
contraction schemes for both the propagation and local-
energy evaluations to significantly accelerate the compu-
tation. The method is implemented on GPUs, enabling
large-scale simulations of realistic solids. As a result, we
can obtain energies for simple solids at the TDL and CBS
limits without relying on empirical corrections or finite-size
corrections imported from lower-level methods.

We validated the approach on semiconductors (diamond
and silicon), metals (bcc lithium and fcc aluminum), and
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correlated transition-metal oxides (NiO and CCO).
Through a detailed error analysis, we identified the main
sources of error in the semiconductor and metallic bench-
marks. By correcting those errors, we showed that AFQMC
reproduces experimental cohesive energies within statisti-
cal uncertainty, demonstrating greater accuracy than state-
of-the-art many-body methods. For NiO, we found that
finite-size effects are critical for obtaining the correct
Heisenberg exchange couplings, and the computed spin
moment is consistent with experiment. For CCO, our
exchange coupling is close to the estimates based on a
one-band Hubbard model, suggesting that AFQMC cap-
tures more sophisticated electron correlation effects beyond
a strictly NN spin model.

Eliminating the primary bottlenecks in solid-state
AFQMC with a Gaussian basis set, our work establishes
a scalable path toward accurate, benchmark-quality simu-
lations of insulating, metallic, and strongly correlated
quantum materials. In this context, AFQMC’s favorable
computational scaling and memory footprint make it a
more practical alternative to CC approaches, and our
benchmarks show that it consistently outperforms CCSD
in accuracy. At the same time, because AFQMC works in
an orbital representation rather than real space, it is
naturally compatible with all-electron formulations, which
then provides a clear route to completely eliminate pseu-
dopotential errors that have plagued the performance of
DMC. Furthermore, it naturally provides a nonperturbative
way to incorporate spin-orbit coupling via the exact two-
component relativistic framework [181]. While we did not
utilize any local correlation or embedding methods, we
envision that the combination of AFQMC and these other
local techniques will enable many-body simulations at a
significantly large scale with high accuracy. Hence, our
findings suggest that AFQMC can be applied to even more
complex systems such as high-7. materials and other
exotic strongly correlated systems, with all material-spe-
cific details.

Another research direction we will pursue is the inves-
tigation of finite-temperature AFQMC that has been
utilized only for lattice models via constrained-path
approximations [182—184] and uniform electron gas model
with the phaseless approximation [126]. Combined with
our algorithmic development presented here, we expect
AFQMC to provide alternative routes to modeling warm-
dense matter [185,186]. Furthermore, using this algorithm,
we can calculate imaginary-time dynamical correlation
functions that can be used to obtain spectral functions of
real materials via analytic continuation [187-189]. Work
along these lines is in progress in our group.
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APPENDIX A: ADDITIONAL DETAILS
OF k-THC-AFQMC

This section complements the main text by detailing
additional theoretical aspects of k-THC-AFQMC.

1. Cost reduction due to k-point symmetry

We can reduce the computation cost by half using the
permutation symmetry of the ERI, following the approach
discussed in Refs. [70,90], i.e.,

(pk, rk + q|gk’ + q,sk’) = (rk + q, pk|sk’, gk’ +q)*,
(A1)

and it follows that M, = My} , which then leads to the

following symmetry of the ltm operator:
Lg=Ljq (A2)

Thus, the operators lA,yf q and lA,; q satisfy
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2 (A3)

-q°
14

—q q-

So it is possible to partition the set of q points into
three disjoint subsets SUQ, U Q_, where §=
{q: 3G such that ¢ = —q + G} is the “self-invariant”
subset and Q_ contains exactly one representative from
each remaining pair q, —q, while Q_ = {—q:q € Q+}. By
construction, S U Q, U Q_ exhausts all q points, and the
three subsets are pairwise disjoint. From the symmetry
analysis above, we know that the two-body Hamiltonian
can be written as

(A4)

hence, we can define the reduced index set of q points to be
{g} =Su 9, and

. L, g q€Ss,

- { o (A5)

\/ELyyqv q € Q+ .

2. Force bias, mean-field shift, and phaseless
approximation

To suppress fluctuations and reduce phaseless bias, we
apply a mean-field shift by subtracting the trial-state
average of L,, from the original operator: L, —
L,q—L,q where L, , = (¥7|L,(|¥7)/(¥7|¥7). Under
the THC form of the ERI, one can show that

Yro
- 551 OZ Z lI/F rP l//r rP)R(;’prlZ rk> (A6)
Pk pro
where G:ﬁf’rk is the one-body Green’s function evaluated

using the trial wave function

<TT|a;kark ¥r)

G‘PTG _
phork (Pr|¥r)

(A7)
SinceiMqPQ = My}, implies My, is real, it follows
that L7, =L,q; hence, L™, =iL,, and L=, =0.
Funhermore the optimal force bias is subtracted from

the random fields in the Hubbard-Stratonovich decompo-
sition to minimize variance, which is evaluated as

o M—wrmm\@

Bra = TV ATy o)
=—VAr) Ry (rp

kPirc

k q(rP) ik, rk+§° (A8)

where R?;y is the Cholesky decomposition of MqPQ on the
reduced g-point set and we introduced the half-rotated

Green’s function

(2
ka1 gk,

Kk
= Z{TG] ;* fkl gk,

i

(A9)

given the matrix representation [‘P"}l;l‘* of the state |¥7) in
the orthogonal Bloch basis. Similar formulas can be
obtained for the force bias y,, corresponding to the
auxiliary fields y, 4.

In free-projection AFQMC, the weights of the walkers
are updated using the importance function (with impor-
tance sampling)

Wa(T + A7) = wo (D)I[X4(7), Xo(7), [P0 (7)),
where x, denotes the collection of the auxiliary fields for
walker @, X,(7) denotes the corresponding force bias,
and the importance function I[X,(7),X,(7), |®.(7))] is

(A10)

defined as
_ (WrlB(x, — X,)| Do)
I(Xy, Xy, |P,)) =
( ! [,
1
X exXp <xa - X, _Eia . )'(a>. (A11)

In practice, the phase problem causes the signal-to-noise
ratio to decay exponentially. We, therefore, project the
importance function onto a real, non-negative factor:

Iph(X(l’i(zv |q)11>) = | |I(Xa’i(l’ |(I)rl>) H

xmax{0,cosarg (X, %o |Pa)) ), (A12)

which defines the phaseless approximation.

3. Propagation algorithm

As noted in the main text, precontracting the Bloch basis
functions with the walker wave function reduces the cost from
O[NIM?(N1spr + Nittoee)] 10 O[NENispgfoee (Ny + M)
Hence, this matrix-vector contraction is often preferable to
explicitly forming Vyg and applying it repeatedly in the
Taylor expansion of the two-body propagator for the cases
where 1, is small, and, thus, we obtain an oM rayior/ M
saving, where nr,y,, is the order of the Taylor expansion of
the matrix exponential. Moreover, for large systems, the
storage cost of Vyg scales as O(N e N2NZ), which is
expensive and substantially reduces the memory available for
other intermediates. Therefore, this algorithm is more
memory efficient, since it stores only slices of the inter-
mediates X and Y based on available memory and avoids
building the full Vg matrix. We provide the pseudocode in
Algorithm 1.
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ALGORITHM 1. Algorithm for Vyg-walker contraction.

L XY < Sk (r )[q)}rk”/zk’ >O(NNsprioeM)

2 Y:(Pk — Y[Rk X >O(NiN1spF/occ)
KK

3: [Vis®] e = 2 p¥p (I’P)Ylp >O(NNisppiioecM)

However, in the conventional Cholesky AFQMC for-
mulation, no analogous low-cost contraction path exists.
Consequently, for systems with few valence electrons,
THC-AFQMC can be much faster than Cholesky
AFQMC with the help of the algorithm above, as shown
in Fig. 11. This might be counterintuitive because, were
Vys constructed explicitly, THC would appear to incur
additional contractions to assemble the Cholesky vectors.

4. Estimators

In practice, we sample the integral in Eq. (9) with
importance sampling in the single-determinant space:

(A13)

ZW ‘I‘T|CI>

hence, the energy estimates are obtained by the weighted
sum of local energies

E = Z(l WaEL a

, Al4
S (A14)

and the local energy E; , is given by

—8— Cholesky-AFQMC
—#— [SDF-AFQMC
z
aga 10
&
Dz TZ Qz
Basis set
FIG. 11. Wall-time comparison between THC-AFQMC and

Cholesky-AFQMC for diamond across multiple basis sets,
sampled on a 3 x 3 x 3 k mesh. The test systems are small
enough that local-energy evaluation is not rate limiting. Timings
were obtained on a single A100 GPU (80 GB), with AFQMC run
with ten walkers in a single process over ten blocks.

_ (Yo |H|®,)
Lo~ "y (b \
(YD)
Z hk G;l? gk
rqk.o
+ Z LZ)I? rk+qLJ:l?’*qk’+q(GZl‘: rk+qGZlf’+q sk’
pqrsy.kk'q
’GZIS sk’Galf’+q rk+q) (AIS)
where
a,6 _ <‘PT|a;k,gaqk.0|¢)a> (A16)
pledk <\PT|(I)a>

is the mixed Green’s function. The evaluation of the local
energy formally scales as O(N;n*), exhibiting a O(N;)
saving in the cost due to lattice translational symmetry.

5. Local energy algorithm using THC

Using the half-rotated Green’s function yields an n,../M
speedup in evaluating the local energy, which is given by

E = TG

ipk,o
+ Z ZW (rp)yry 1'P>M;1>QW0J+(]*( ro)yy (ro)
ijpgkk'q PO

0,0/

o o’ - o’
x( ik,pk+qgjk/+q,qk/_566’gik,qk/ jk’+q,pk+q)’ (A17)

where M is the number of basis functions per k point, 7° ;’]‘j

is the half-rotated one-electron integral matrix, and yX (rp)
is the half-rotated orthogonal basis function, defined by

Tk = (Wi, (A18)
and
wh(rp) = Z[‘P”]p,wp(rp) (A19)

p

respectively. Here, we omit the walker index for clarity. The
bottleneck for the local energy evaluation is the calculation
of the exchange part given by

Z Z wi(ep)y

ijpg.c PQ
kk'q

k' +qx* ’
p (rp) M () (rg)

X (A20)

zk qk’gjk’+q.pk+q'

There are two algorithms with different asymptotic scal-
ings. The algorithm with the lowest asymptotic scaling
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ALGORITHM 2. Algorithm A for exchange energy contraction.

: fora in range(Njices) do
for b in range(Nshces) do

1
2
3 lf(’nth 2ig yi(r u)'/’lc;/ (ro,) Tk’ >O(N;Nispghoce)
4: sk ka” > W (o, W (0p, )G i >O(NiNisprhoce)
o ock+q.k'+q.0
5 Ex+ = —%Zk.k’,q Dab 2P0, ng)h SP+3L, oMy e >O(N} log NiNispr)
6: end for
7: end for
ALGORITHM 3. Algorithm B for exchange energy contraction.
1: for q in range(Nk) do
k
2: P,p[q]( p) < Wi (r )‘l/p+[q](rp) >O(NNispphoeeM)
Ak k.
3 zp[él < ZPP [q (rP)M[q] D(9(I\JkZVIZSDFnoccﬁ/[)
k k - Kk
4 o <2 '//,QHq ]k, (], pk-+[] >O(NENispgrtoeM)
5: < AI[)Q '[q]g >O(NiNispriioecM)
k K’ ’
6 tq « EQ q] k (rQ) DO( kN[SDFnoch)
k k
7. Ext=- 2thkk’ q]gquk’
8: end for

requires contraction over all the orbital indices and leaves
only the ISDF indices uncontracted, as shown in
Algorithm 2.

The largest intermediate in this algorithm scales as
O(NiN¥pr), which quickly saturates device memory.
Consequently, even for moderately sized systems, we must
partition the ISDF index into many slices to satisfy memory
limits, and this slicing degrades the efficiency of the
contraction kernels. In addition, efficient batched FFT
kernels are not available yet on GPUs, which means that

(@

102 4

Speedup vs basis size

—
o
1

Speedup Tp/T4
S

1071 4

T T
102 103
Basis size Nyt

we have to use naive loops over k points for the last
summation. As a result, we do not maintain the
O(N7log N;) scaling anymore. However, for systems with
a very small number of k points and a very large simulation
cell, this algorithm, even without using FFT, is still useful
because of the cubic asymptotic scaling in the number of
basis functions per k point. We, therefore, adopt an
alternative algorithm with a higher asymptotic cost but a
much smaller memory footprint for simulations with dense
k mesh, as shown in Algorithm 3.

(b)
Speedup vs ny
102 4
P == Npg =20
== Npst = 50
— —— Npg = 100
0 —— N = 200
S —8— Nigr = 500
EDQ —8— Nps = 1000
=
keS|
5}
[
o}
[%5)

23 24 25 26 27
Number of k points ny

FIG. 12. Wall-time comparison of local-energy algorithms A and B across a range of system sizes. All local-energy contractions are
implemented via general matrix multiplications. Arrays are processed in batches over slices, with the number of slices chosen to fully
utilize the available memory capped at 8 GB. The plot shows that, for nearly every k mesh, the crossover occurs at roughly 100 basis
functions. Below this threshold, algorithm B is generally faster because of its smaller memory footprint. As the number of basis
functions increases, however, the superior asymptotic scaling becomes increasingly dominant.
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FIG. 13. Error in the THC-AFQMC and HF total energies for a

3 x 3 x 3 diamond supercell in the DZ basis. For clarity, the HF
energies are shifted to match the converged THC-AFQMC total
energy.

Here, [q] means that index q is held fixed. This algorithm
exhibits an overall scaling of O(N?NspgntoeeM (N 4 NispE) ),
and when using a dense k mesh (which is the case in most
of the systems we studied in this paper), this algorithm
becomes more favorable because of the dominance of the
O(N7N*) contribution. Figure 12 shows the speedup of
algorithm B against algorithm A for different system sizes.
As shown, algorithm B is more favorable when the k mesh
is dense, and the number of basis functions is relatively
small. In all the calculations we conducted, we selected the
appropriate algorithm for different system sizes to maxi-
mize efficiency.

6. THC error in AFQMC calculations

In this section, we examine the THC-AFQMC error as a
function of the number of ISDF grid points. The results are
shown in Fig. 13. The AFQMC energy converges at
cispe ~ 15, while HF converges slightly faster with respect
to cigpp- To ensure accuracy in the AFQMC calculations,
we select the ISDF grid such that the HF energy error
remains below 0.1 mHa throughout this work.

APPENDIX B: DETAILS FOR EXTRAPOLATING
TO THE THERMODYNAMIC LIMIT

This section details our extrapolation to the thermody-
namic limit, covering (i) test for the linear region for the
TDL extrapolation, (ii) time-step extrapolation, and
(iii) mean-field twist averaging for metallic systems.
TDL linear region tests and time-step tests were validated
on diamond. These procedures and conclusions are then
applied to the remaining systems whenever needed.

It has been rigorously proven that, in second-order
Mgller-Plesset perturbation theory and periodic coupled-
cluster theory, the correlation energy scales inversely with
the number of k points [191,192]. Related analyses have

also established inverse-volume scaling for DMC with
Jastrow trial wave functions [132,133]. Although no
analytical expression is currently available for the k-point
scaling of the correlation energy in ph-AFQMC, prior work
has reported inverse-volume behavior for sufficiently large
k meshes [70]. We corroborated this trend by performing
AFQMC calculations on k meshes ranging from 2 x 2 x 2
to 5x5x5, and we observed an approximately linear
dependence on N,:l between 3 x 3 x3 and 5 x5 x5, as
shown in Fig. 14(a). These meshes correspond to supercells
containing 54-250 atoms. We, therefore, adopted this
inverse-N; extrapolation framework for the remaining
systems, with system-specific modifications to the k
meshes and fitting protocol as detailed below.

For silicon, we applied the same protocol as diamond
given the same crystal structure. For bcec lithium, since shell
effects lead to nonmonotonic correlation energies from 3 x
3x3 to5x5x5, we adopted a two-point extrapolation
using 4 x4 x4 and 5x5x5, and energy difference
between 4 x4 x4 and 5 x5 x5 is only approximately
0.5 mE),, which means that the correlation energy is
already close to convergence. Hence, the error introduced
by the extrapolation is at most 1 mE,,. For fcc aluminum,
we extrapolated from 2 x 2 x 2 to 4 x 4 x 4, because the
primitive unit cell contains four atoms. For NiO, we
performed a two-point extrapolation of the correlation
energy for each magnetic state using 3 x 3 x 3 and 4 x
4 x4 k meshes. Since the 2 x2x2 mesh yields an
exchange coupling that differs substantially from the values
obtained with 3 x 3 x 3 through 5 x5 x 5 already at the
Hartree-Fock level, we excluded 2 x 2 x 2 from the
AFQMC thermodynamic-limit extrapolation as well. For
CCO, we performed a linear two-point extrapolation using
2 x 2 x 2 and 3 x 3 x 2 k meshes, based on the system size
dependence reported in Ref. [176].

Time-step bias in AFQMC depends on the system size,
so we used a simple, size-aware protocol to control it
without performing full extrapolations at every setting.
For each system, we evaluated the observable at two time
steps, A7y =5 x 1073 a.u. and Az, = 2.5 x 1073 a.u. Let
E(At;) denote the corresponding estimates with statistical
uncertainties o;. If the difference exceeds the combined 1o
uncertainty, i.e.,

[E(Ar)) - E(Ay)| > \/o? + a3

we performed a linear extrapolation in Az using these two
points and report the At — 0 estimate, which was also
reported before by Malone, Zhang, and Morales [70]. As
we mentioned in the main text, the reason why we used
linear extrapolation is that the size inconsistency error
grows linearly with the time step when the time step is
small, as shown in Ref. [78], and the Trotter and Taylor
expansion error grows quadratically [193] with the time
step, so they can be neglected. If the two values agree
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FIG. 14. Extrapolation of the AFQMC correlation energy of (a) diamond; (b) silicon; (c¢) bec lithium; (d) fcc aluminum against N;l to
the thermodynamic limit using the correlation-consistent basis set optimized for the GTH-HF-rev pseudopotential.

within uncertainties (the 1o intervals overlap), we deem the
time-step bias to be negligible at the level of our statistical
resolution and take the reported value to be the average
1|E(Aty) + E(At,)]. A preliminary test on diamond (DZ,
5 x5 x5 Kk mesh) at two lattice constants showed that a
time step of Az = 1072 a.u. introduces appreciable non-
linearity in the time-step dependence, as illustrated in
Fig. 15. Consequently, we excluded Az = 1072 a.u. from
all extrapolations. To avoid prohibitively expensive
AFQMC calculations at very small time steps (e.g.,
At =107 a.u.), we employed a two-point extrapolation
scheme. The resulting fit is indistinguishable, within
statistical uncertainty, from that obtained when including
the A7 = 1072 a.u. data point, thereby validating our two-
point extrapolation. Assuming that the time-step error
remains linear for Az <5 x 1073 a.u.,, we adopted this
extrapolation scheme for all other calculations reported in
the main text, which consistently produces smooth TDL
extrapolations as expected.
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~
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FIG. 15. Correlation energy (Hartree) as a function of time step

(a.u.) for diamond calculated in GTH-cc-pVDZ basis and 5 x
5x 5 k mesh at lattice constants a = 3.40 A and a = 3.56 A,
respectively.
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For metallic systems, reaching the thermodynamic limit
is more challenging even at the mean-field level, since
conventional I'-centered k-point sampling often produces
oscillatory convergence of the total energy due to the shell
effect. To obtain a smooth TDL extrapolation, we
employed the twist-averaging technique to mitigate the
one-body finite-size error. In this work, we used the
Baldereschi point as the twist angle (it acts as an “average”
twist angle), which has proven effective in coupled-cluster
studies of simple metals [40]. We found that applying the
twist averaging technique only to the Hartree-Fock energy
is sufficient to reach the TDL for the AFQMC energys; i.e.,
the remaining finite-size effects are fully captured by
extrapolating AFQMC correlation energies across different
supercell sizes, as shown in Fig. 14(d).
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APPENDIX C: DETAILS OF THE ERROR
ANALYSIS

In this section, we describe the error analysis in detail. In
the main text, we classify the total error into two con-
tributions: the phaseless error and the pseudopotential error.
For cohesive energies, an additional contribution comes
from the atomic phaseless error. Because atoms are small
enough to be treated with essentially exact solvers, the
atomic phaseless error can be assessed straightforwardly
for all the basis sets. The atomic phaseless errors for all
systems considered in the main text are shown in Fig. 16.
These reference results were obtained with PYSCF [194].
Notably, the Li atom is the only case with a ground-state
orbital angular momentum S, and it is also the only system
with an error below 1 mHa.
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FIG. 16. Errors of (a) carbon; (b) silicon; (c) lithium; (d) aluminum atomic energies compared to FCI using the correlation-consistent
basis set optimized for the GTH-HF-rev pseudopotential. CCSD, CCSD(T), and FCI calculations are performed using PYSCF [194];

AFQMC calculations are performed with 1PIE [195,196].
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Therefore, in the remaining part of the section, we focus
on the crystalline phaseless error and the pseudopoten-
tial error.

A key complication is that both of these errors depend on
system size. Obtaining the exact phaseless error directly at
the TDL is infeasible, because high-level reference solvers
are restricted to relatively small cells. We, therefore,
estimate it by computing the energy difference between
AFQMC and a higher-level solver for smaller unit cells and
reduced basis sets. We first estimate the basis-set depend-
ence on the phaseless error on diamond using only I"-point
calculations, and we found that the phaseless error is
0.0063(4) Ha for the DZ basis set and 0.0070(3) Ha for
the TZ basis set (the reference result is calculated from
FCI). It is, thus, reasonable to assume that these errors are
only weakly dependent on the basis set. Accordingly, we
used a double-zeta basis throughout and focus on the
system-size dependence of the crystalline phaseless error
and the pseudopotential error.

We first present detailed energy data in DZ basis for
diamond across multiple supercell sizes and reference
methods, as shown in Fig. 17. CCSD, CCSD(T), and
FCI calculations are performed using PYSCF [194];
SHCI [107] calculations are performed with DICE [197];
AFQMC calculations are performed with 1PIE [195,196],
and CISD-AFQMC calculations are performed with the
AD_AFQMC [198] package. For diamond, AFQMC consis-
tently improves upon CCSD while typically remaining
slightly less accurate than CCSD(T). Notably, for super-
cells with n >4, the AFQMC energy drops below the

)
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reference, which may indicate mildly nonvariational behav-
ior in larger cells, assuming CISD-AFQMC provides a
near-exact benchmark. We, therefore, used the largest
isotropic cell accessible to the higher-level solvers (the 2 x
2 x 2 supercell) to estimate and correct the crystalline
phaseless error. For other systems, we calculated the
corrections on 2 x 2 x 2 supercells. However, the CCSD
calculation of Al does not converge on the 2 x2x2
supercell, so we omit the crystalline phaseless error
correction for Al. The results are shown in Table VI.

To assess the pseudopotential error, we compare against
cohesive energies from all-electron calculations. Owing to
current limitations of the all-electron solver, including severe
linear-dependence issues for larger basis sets and supercells,
and the absence of an efficient approach for obtaining a THC
decomposition of all-electron ERIs with k-point symmetry,
most of the corrections reported here are restricted to DZ
calculations on 2x2x2 and 3 x 3 x 3 supercells. For
diamond, which has one of the largest pseudopotential
corrections among the systems considered, we additionally
performed a DZ calculationon a4 x 4 x 4 supercell to assess
the residual finite-size dependence. We also performed TZ
calculations on the 2 x 2 x2 and 3 x 3 x 3 supercells to
assess the basis-set dependence of the correction.

For 2 x2x2 Al, the density-fitting integrals are ill
conditioned, leading to large oscillations in the AFQMC
energy. We, therefore, omit the pseudopotential correction
for this case. Based on the behavior observed for Si, we
nonetheless expect the pseudopotential error for Al to be
relatively small.

A AFQMC
@ CISD-AFQMC

® FCI/SHCI

0.000 H%’*ﬁ:i—z/}

AFE vs best available reference (a.
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FIG. 17. Crystal phaseless error of diamond in the DZ basis evaluated across multiple supercell sizes, where abc denotes a supercell
containing a, b, and ¢ unit cells along the x, y, and z directions, respectively. For small supercells where essentially exact solvers are
feasible, namely, FCI or selected CI, we take these as references. Here, we used SHCI [107] as the selected CI solver which is
implemented in DICE [197]. For larger supercells beyond the reach of these methods, we used CISD-AFQMC, which is implemented in

the AD_AFQMC [198] package, as the reference.
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TABLE VI. Crystal phaseless errors for C, Si, Li, and Al in the
DZ basis, evaluated on 2 x 2 x 2 supercells relative to CISD-
AFQMC. Note that these values are not the cohesive-energy
corrections directly. The corresponding corrections are obtained
by dividing by the number of atoms in the unit cell.

System C Si Li Al
Phaseless correction per cell (mHa) 0.9(2) 1.03) 2.1(2)

TABLE VII. All-electron corrections to the cohesive energies
of C, Si, Li, and Al for different basis sets and supercells. TZ
results and the 4 x 4 x 4 DZ result are included for diamond to
assess the basis-set and finite-size dependence, respectively. All
values are reported in mEj,.

Basis Supercell C Si Li Al
DZ 2x2x2 6.8(3) 1.9(3) 7.6(2)

DZ 3x3x3 5.13) 0.3(3) 7.47(2)

DZ 4x4x4 4.7(2)

TZ 2x2x%x2 6.8(3)

TZ 3x3x3 5.2(3)

The results are summarized in Table VII. In the DZ basis,
the pseudopotential correction generally decreases with
increasing supercell size. For diamond, the correction
changes by only 0.4 mE), between the 3 x 3 x 3 and 4 x
4 x 4 supercells, indicating that the 3 x 3 x 3 result is
already close to the thermodynamic-limit value. The DZ
and TZ corrections for diamond are also similar at both the
2x2x?2 and 3 x 3 x 3 supercell sizes, indicating weak
basis-set dependence over the range examined here. We,
therefore, use the 3 x 3 x 3 correction as a reliable approxi-
mation to the pseudopotential error in the thermodynamic
and complete-basis-set limits, with only a small residual
systematic uncertainty.

For NiO, we also assessed the crystalline phaseless error
and the pseudopotential error for the Heisenberg J value.
While larger supercells or denser k-point sampling would
be preferable, the I'-point calculation is the only tractable
benchmark at this level of theory for NiO. We, therefore,
include I'-point NiO results for the sake of completeness, as
shown in Fig. 18. However, I'-only small-cell benchmarks
are not fully representative for AFQMC, whose accuracy
typically improves with increasing cell size and or denser
k-point sampling. As shown, AFQMC substantially over-
estimates the magnitude of the spin gap. Nevertheless, it
still outperforms CCSD, assuming CISD-AFQMC is an
accurate reference, as supported by its validation for
transition-metal oxide molecules in Ref. [61]. The pseu-
dopotential error is estimated with all-electron calculation
using def2-SVP basis set on 3 x 3 x 3 supercell, and we
obtained J, = —31(2) meV for the all-electron calculation,
indicating that the pseudopotential error is small.

CCSD A (o)
CCSD(T) A (o)
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=]

= CCSDT - (o)

=

CISD-AFQMC - ]
AFQMCH 4
10 35 3.0 25 —20
Spin gap AE = EAFM — EFM (GV)

FIG. 18. Spin gap AE = Epy — Ery in eV for I'-point NiO in

the custom correlation-consistent DZ basis set calculated with
various methods. CCSD, CCSD(T), and CCSDT calculations are
performed using PYSCF [194]; CISD-AFQMC calculation is
performed with the AD_AFQMC [198] package; AFQMC calcu-
lation is performed with 1PIE [195,196].

APPENDIX D: MATRIX PADDING FOR
NONUNIFORM k-POINT OCCUPATIONS
IN METALLIC SYSTEMS

In this section, we provide a detailed explanation of how
we handle nonuniform k-point occupations in metallic
systems. We denote the number of occupied electrons at
each k point by n,.(k), the maximum occupation across
all k points by npgX, and the total number of occupied
electrons by ni%t. For clarity, spin indices are omitted
throughout this discussion.

A natural way to address nonuniform k-point occupa-
tions is to adopt a concatenated representation, in which
basis functions from all k points are assembled into a single
block-diagonal structure. In this representation, the trial
wave function can be expressed as an (N M) X n%. matrix,
obtained by concatenating the occupied orbitals from each

k point:

pko 0
0 vk 0

Yr=1 . . . (D1)
0 0 Pk

where each block W*i has dimension M x ng.(k;). The
walker wave function in this representation takes the form

q)kl.kl q)kl.kz q)kl-ka
ok ki ok kr q)kz,k,vk

= : . : . (D2)
(I)ka,kl (I)ka,kz (I)ka’ka

which is generally not block diagonal in k.
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This representation, nonetheless, does not exploit the
block-diagonal structure of W7, since the block dimensions
are different when the occupation is nonuniform. As a
result, one cannot directly use optimized batched matrix-
multiplication kernels (e.g., in cuBLAS) to perform the
contractions involving the trial wave function in this form.
To resolve this, we pad each block Yk with zero columns
when ny..(Kk;) < nf&*. The resulting padded trial wave
function becomes

wki |0

ke
(D3)

whye |0

where the number of zero columns in the ith block
is ng}:aCx — Roee (kt)

By permuting columns, this padded matrix can be
transformed into

PP = (¥7]0). (D4)

where P is the corresponding permutation matrix and the
total number of zero columns is TN, — nS.. Applying
the same permutation to the walker wave function yields
®P = (®|0). Since zero columns do not affect the nonzero
block during matrix multiplications, the propagation step is
unchanged.

Difficulties arise, however, when evaluating the padded

one-body Green’s function

G = [qn(lp;cb)—l@;r, (D5)

because the padded overlap matrix § = ‘i’TTCi) is singular. In
fact, one can write

g_p.<‘?>.(¢|0)-P*_P-<§~\%)-P*, (D6)

where S = Wi.®. Because of the block-diagonal structure,
one can safely take the Moore-Penrose pseudoinverse, in
which the upper-left block is replaced by the proper inverse
of S. The resulting padded Green’s function is

s-! 0 T
G = | () ;| = |BP P
G= ( T ) T - : 0 0 : T
T
- [CDS‘“PTT} ~ G, (D7)
where A" denotes the Moore-Penrose pseudoinverse of A.

We, therefore, conclude that the matrix padding does not
alter the one-body Green’s function. Consequently, the

force bias and local energy evaluation also remain
unaffected.

APPENDIX E: COMPUTATIONAL DETAILS

1. Semiconductors
a. Diamond

We used a developer version of IPIE [195,196] to carry
out all the AFQMC calculations throughout this paper.
AFQMC calculations were carried out on the primitive
cell of diamond at the experimental lattice constant
(a = 3.567 A) [114] using a RHF trial wave function from
QCPBC [97,199,200] (the periodic extension of Q-
Chem [201]), with all periodic integrals also generated
by QCPBC. We used a large-core Goedecker-Teter-Hutter
(GTH) pseudopotential optimized for Hartree-Fock calcu-
lations (GTH-HF-rev) [202] and -correlation-consistent
basis sets optimized for the corresponding pseudopotential
generated by Ye and Berkelbach [87]. The HF energies are
converged with respect to the kinetic energy cutoff, which
we set as E,; = 600 eV for diamond. We observed that the
walker count needed for a given statistical error decreases
as the k-point mesh is refined, in agreement with
Taheridehkordi et al. [71]. After testing, we found that
768 walkers for a 3 x3 x3 mesh, 384 walkers for
4 x4 x4, and 192 walkers for 5 x5 x5 produce negli-
gible population-control bias. As noted by Lee, Pham, and
Reichman [78], AFQMC exhibits size-inconsistency errors
at finite time step At that scale linearly for small Az. We,
therefore, perform two-point extrapolations to the zero-
time-step limit using Az = 0.005, 0.0025 for systems larger
than TZ/4 x 4 x 4 (see Appendix B). To reach the thermo-
dynamic limit, we compute correlation energies on
3x3x3, 4x4x4, and 5x5 x5 meshes, assuming
linear scaling with N;l. For the CBS limit, we apply
Helgaker’s two-point extrapolation with an inverse-cubic
dependence on the basis-set cardinal number [101,102].
For the largest AFQMC calculation, we used eight
NVIDIA A100 GPU nodes (four GPUs each node) for
18 h to obtain sufficient statistical samples. The atomic
calculations were performed on a single carbon atom with
two shells of ghost atoms to remove the basis-set super-
position error. We used UHF as the trial wave function
because the ground state of a carbon atom is triplet. Using
768 walkers was sufficient to achieve a statistical error
of 0.2 mE,,.

b. Silicon

We adopt the experimental lattice constant (a = 5.43 A)
[114] and employ the same pseudopotential and basis set as
in the diamond calculations. We set the kinetic energy
cutoff to E_,, = 1000 eV. All other AFQMC settings,
including the number of walkers, time step, and extrapo-
lation scheme, are kept identical to those used for diamond.
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2. Metals

For metals, the Hartree-Fock ground state typically
exhibits nonuniform k-point occupations. To address this
issue while retaining the efficiency of general matrix
multiply operations, we adopted the following strategy.
The number of occupied electrons is set to the maximum
occupation across all k points, denoted nge:. For k points
with fewer than n{&* occupied states, we padded zero
columns so that the final occupation remains uniform
across all k points. The initial walkers are constructed
accordingly, with zero columns added at k points of lower
occupation. During propagation, these artificial void occu-
pations appear only as zero columns in the walker wave
functions. They do not affect the physically occupied states,
nor do they alter the energy evaluation, since all operations
are performed through generalized matrix multiplications.
However, the introduction of zero columns renders the
overlap matrix between walkers and the trial wave function
singular, leading to an ill-defined mixed Green’s function.
We resolved this by evaluating the Moore-Penrose pseu-
doinverse of the overlap matrix, which preserves the
inverse of the nonzero block and, thus, restores a well-
defined one-body Green’s function (see Appendix D for
more details).

Another subtlety encountered in the calculation of
metallic systems is the unusually long equilibration time
as the k-point mesh becomes denser. For diamond and
silicon, equilibration typically requires only < 10 a.u.,
whereas for lithium with a 4 x4 x4 or 5 x 5 x 5 k mesh
the equilibration time can extend to 60-80 a.u., as shown in
Fig. 19. We resolved this issue by employing a larger time
step during the equilibration phase and subsequently
discarding the corresponding weights. The rationale is
that, although a large time step introduces additional error
in the energy estimate, it drives the system much more
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rapidly toward the equilibrium distribution than a small
time step does. With this approach, only about 50 equili-
bration blocks with large time steps are needed, reducing
the total number of equilibration blocks to approximately
70, compared to approximately 800 blocks required with
the original scheme. We also verified that the results do not
change for lithium, as shown in the figure inset. This
strategy leads to an order-of-magnitude reduction in equili-
bration cost, which is especially valuable near the TDL and
the CBS limit, where each block can take a long time. We
applied this improved equilibration procedure to lithium
and aluminum throughout our study, and we expect it to be
broadly useful for AFQMC simulations of metallic systems
as well as other systems where the trial wave function has a
tiny overlap with the true ground state.

a. bee lithium

We used the bece supercell including two Li atoms with
the experimental lattice constant (a = 3.453 A) [114] and
an RHF trial wave function generated with QCPBC. All
calculations employ the small-core GTH-HF-rev pseudo-
potential and the corresponding correlation-consistent basis
set generated by Ye and Berkelbach [87]. The HF calcu-
lations are converged with respect to the kinetic energy
cutoff, and we used E_, = 1000 eV for Li. We used 768,
512, and 384 walkers forthe 3 x 3 x 3,4 x4 x4, and 5 x
5 x 5 supercells, respectively. For equilibration, we took
At = 0.05 a.u. for the 4 x 4 x 4 supercell and Az, =
0.025 a.u. for the 5 x 5 x 5 supercell. To correct the size-
inconsistency error, we performed two-point extrapolations
to the zero-time-step limit using Az = 0.005,0.0025 for
systems larger than TZ/4 x 4 x 4. The thermodynamic-
limit extrapolation is carried out via a two-point fit using
the 4 x4 x4 and 5 x5 x5 supercells, as detailed in
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FIG. 19. AFQMC total energy trajectories for (a) silicon and (b) bec lithium using the GTH-cc-pVTZ basis, 4 x 4 x 4 k-point
sampling, and time step Az = 0.005 a.u. (a) compares runs with and without a large Az preequilibration, and the preequilibration
substantially shortens the equilibration time. The inset in (a) shows reblocked mean energies for both protocols, which agree within error
bars, indicating that negligible biases are introduced in this protocol.
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Appendix B. The Li atom calculations follow the same
procedure as for the carbon atom described above.

b. fee aluminum

Calculations use the fcc supercell consisting of four Al
atoms with the experimental lattice constant (¢ = 4.018 A)
[114] and an RHF trial wave function generated with
QCPBC. The HF calculations are converged with respect to
the kinetic energy cutoff, and we used E_,, = 1000 eV for
Al. To mitigate shell effects, the Hartree-Fock reference is
extrapolated to the TDL via twist averaging at the
Baldereschi angle (Appendix B). We employed the
large-core GTH-HF-rev pseudopotential and the corre-
sponding correlation-consistent basis set of Ye and
Berkelbach [87]. The 2 x2x2,3x3x3,and 4 x4 x4
supercells use 768, 512, and 384 walkers, respectively.
During equilibration we took Az, = 0.05 a.u. for 3 x 3 x
3 and A,y = 0.025 a.u. for 4 x 4 x 4. For systems larger
than TZ/3 x 3 x 3, we performed two-point extrapolations
to the zero-time-step limit using Az = 0.005, 0.0025. The
TDL energy is obtained from a three-point extrapolation
using the 2 x2x 2, 3 x3x3, and 4 x 4 x 4 supercells
(Appendix B). The Al atom calculations follow the same
protocol as for the carbon atom described above.

3. Transition-metal oxides

The prior GTH-cc-pVXZ basis-set work did not include
the elements Ca, Ni, and Cu. Therefore, we generated the
corresponding correlation-consistent basis sets for these
elements.

a. NiO

We simulated the AFMII and FM phases using a
rhombohedral supercell containing two formula units
(FUs) with an experimental lattice constant a = 4.17 A
(note that this lattice constant is for the cubic supercell of
NiO with four FUs) and the AFMI phase using a tetragonal
supercell containing two FUs. Because we found that it is
hard to find the AFM solution with an unconstrained HF
calculation, the symmetry-broken HF solutions were
obtained by performing a HF calculation on the converged
SCF for molecular interactions (SCF-MI) calculation. For
Ni, we used the small-core GTH pseudopotential optimized
for HF to minimize the pseudopotential error (GTH-HF-
rev; 18 valence electrons per atom), and for O, we
employed the standard large-core GTH-HF-rev pseudopo-
tential. A custom correlation-consistent basis set was
optimized for the GTH-HF-rev pseudopotential for Ni,
yielding a final basis set consisting of 4s4p3d1f shells.
Because of linear-dependency issues, 151 p shells with very
diffuse exponents were removed from the basis set. The
basis-set optimization protocol is outlined below.

(1) We optimized the HF exponents and contractions as

proposed in the original Dunning basis set [203]. As

Q-Chem does not natively implement point-group
symmetry, we used broken-symmetry restricted-
open-shell solutions and the maximum overlap
method [204] to target excited states. The effect
of symmetry was found to be negligible when
benchmarking for C, for which a correlation-con-
sistent basis set is available.

(2) The correlation exponents were optimized similarly
to the original protocol [203] (i.e., state averaging),
but we used CCSD instead of CI methods. Further-
more, we optimized the contraction coefficients
directly to lower the correlation energy rather than
taking them from natural orbitals.

(3) We verified the basis sets to see if the Hartree-Fock
energy converges to the basis-set limit exponentially
and the correlation energies to the basis-set limit
following the 1/Z3 trend.

The HF calculations are converged with respect to the
kinetic energy cutoff, and we used E_,; = 5000 eV for
NiO. We used a time step of Az = 0.005 a.u. for all the
AFQMC calculations and do not perform time-step
extrapolation since we expect the time-step errors to cancel
when calculating the energy differences between magnetic
phases. We used 768 and 512 walkers for 3 x 3 x 3 and
4 x 4 x 4 calculations, respectively.

For magnetic moments, the HF and AFQMC results
were obtained from a 3 x 3 x 3 Kk-point simulation using
the double-zeta correlation-consistent basis set designed for
the GTH-HF-rev pseudopotential.

b. CaCuO,

We simulated the AFM and FM phases using a unit cell
containing four FUs with experimental lattice parameters
a=3.8556 A and ¢ = 3.1805 A [205]. The symmetry-
broken HF solutions were obtained by performing an HF
calculation on the converged SCF-MI calculation. For Cu,
we used the small-core GTH pseudopotential optimized for
HF to minimize the pseudopotential error (GTH-HF-rev; 19
valence electrons per atom), for Ca, we used the small-core
GTH-HF-rev pseudopotential with ten valence electrons
per atom, and for O, we employed the standard large-core
GTH-HF-rev pseudopotential. A custom correlation-con-
sistent basis set was optimized for the GTH-HF-rev
pseudopotential for Cu and Ca, yielding a final basis set
consisting of 4s4p3d1f and 3s3p2d shells, respectively.
Because of linear-dependency issues, 1s1p shells with very
diffuse exponents were removed from the Cu basis set. The
basis-set exponents and coefficients were optimized using
the same protocol as Ni.

The HF calculations are converged with respect to the
kinetic energy cutoff, and we used E_, = 3000 eV for
CCO. We used a time step of Az = 0.005 a.u. for all the
AFQMC calculations. We used 768 and 512 walkers for
2x2x2 and 3 x3 x2 calculations, respectively. We
calculate the Heisenberg J value from AFQMC using a
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two-point extrapolation scheme between 2 x 2 x 2 and 3 x
3 x 2 k meshes. Our HF exchange coupling was obtained
from the AFM-FM energy difference in the TDL, deter-
mined via a two-point extrapolation using 2 x 2 x 2 and
3 x 3 x 2 k meshes.

APPENDIX F: DATA FOR THE COHESIVE
ENERGIES

In this section, we present the cohesive energy data from
the various computational methods reported in the main
text, along with their corresponding sources in Tables VIII—

XI. Note that there may be multiple sources of experimental
data for some systems. We report the results in the main text
from the more recent sources, which have smaller exper-
imental error bars.

APPENDIX G: SYSTEM SIZES IN PREVIOUS
AFQMC STUDIES

Table XII summarizes the system sizes considered in prior
solid-state AFQMC studies. We list the total number of
basis functions and electrons, and we briefly describe how
finite-size effects were treated for each system.

TABLE VIII. Cohesive energy of diamond predicted by different methods.

Method E.on/eV Remark Reference

HF 5.17 [39]

MP2 7.87

LNO-CCSD 7.29 MP2 TDL/CBS correction

LNO-CCSD(T) 7.47 MP2 TDL/CBS correction

BWs2 7.51 [117]

DFT/PBE 7.71 [114]

DFT/HSE 7.61

DMC 7.54(1) B3LYP determinant trial [115]

AFQMC 7.56(1) TDL extrapolated using 2 x 2 x 2 and 3 x 3 x 3 k meshes [70]

AFQMC 7.53(2) Direct TDL and CBS extrapolation Our work

AFQMC 7.50(3) Corrected for atomic and crystalline phaseless errors and pseudopotential error

Experiment 7.524 ZPE corrected using the correction from Ref. [114] [119]

7.545 ZPE corrected [114]

TABLE IX. Cohesive energy of silicon predicted by different methods.

Method E..,/eV Remark Reference

HF 2.97 e Our work

MP2 4.96 TDL extrapolated using up to 4 x 4 x 4 k-mesh [122]

DFT/PBE 4.56 e [114]

DFT/HSE 4.58 e

CCSD 4.15 TDL extrapolated using up to 4 x 4 x 4 k-mesh [122]

VMC 4.54(1) e [123]

DMC/LDA 4.69(1) e

DMC/PBEO 4.683(3) Two-point extrapolation using 64- and 216-atom supercells [121]

prev. AFQMC 4.438(3) Direct TDL extrapolation [63]

pw AFQMC 4.65(3) Finite-size correction from LDA [53]

AFQMC 4.89(2) Direct TDL and CBS extrapolation Our work

AFQMC 4.72(3) Corrected for atomic and crystalline phaseless errors and pseudopotential error

Experiment 4.73 ZPE corrected using the correction from Ref. [114] [119]
4.68 ZPE corrected [114]
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TABLE X. Cohesive energy of bce lithium predicted by different methods.

Method E..n/eV Remark Reference
HF 0.63 e [39]
dRPA 1.21 e

LNO-CCSD 1.43 dRPA TDL/CBS correction

BWs2 1.54 e [117]
DMC 1.56(2) N~! extrapolation to TDL [130]
VMC 1.57(1) LDA finite-size correction [129]
CCSD 1.39 DZ level TDL correction and CBS correction at 3 x 3 x 3 [40]
DCSD 1.50 Finite-size correction using the difference between 16-atom and 8-atom unit cell [41]
CCSDT 1.55 DCSD finite-size correction

DCSDT 1.55 DCSD finite-size correction

DFT/PBE 1.61 e [114]
DFT/HSE 1.57 e

AFQMC 1.45(2) Direct TDL and CBS extrapolation Our work
AFQMC' 1.69(3) Corrected for atomic and crystalline phaseless errors and pseudopotential error

Experiment 1.66 ZPE corrected [114]

TABLE XI. Cohesive energy of fcc aluminum predicted by different methods.

Method E.n/eV Remark Reference
HF 1.43 e Our work
BWs2 3.67 [117]
DFT/PBE 3.43 e [114]
DFT/HSE 343 e

CCSD 2.97 DZ level TDL correction and at 3 x 3 x 3 k mesh [40]
CCSD(T)g 3.10 DZ level TDL correction and at 3 x 3 x 3 k mesh

VMC 3.23(8) o [135]
DMC 3.403(1) e [136]
AFQMC 3.54(2) Direct TDL and CBS extrapolation Our work
AFQMC' 3.41(3) Corrected for atomic and crystalline phaseless errors and pseudopotential error

Experiment 3.44 ZPE corrected [114]

TABLE XII. Prior solid-state AFQMC studies and the largest system sizes reported. For each work, we list the total number of basis
functions and electrons, together with the corresponding finite-size effect treatment. “PW” denotes that the entry is the number of plane
waves instead of number of molecular orbitals.

Simulation

System cell M N, Finite-size effect treatment Reference
Si 3x3x3 5209 (PW) 216Extrapolation [53]
Si 3x3x3 Unknown 216Twistaveraging over nine k points and Kwee, Zhang, and Krakauer (KZK) correction [100]
NiO Ix1x1 143 48Twist averaging over 4 x 4 x 4 k mesh and KZK correction [64]
Cu 1 x1x1 Unknown 76Twist averaging over 6 X 6 x 6 k mesh and KZK correction [206]
H;S 2x2x2 Unknown 72Twist averaging over 4 x 4 x 4 k mesh and KZK correction

NiO Ix1x1 136 48Twist averaging over 4 x 4 x 4 k mesh and KZK correction [67]
MgO 4x4x4 3712 1024Extrapolation and MP2 correction [63]
C 6xX6x%x6 7344 1728Extrapolation [70]
MgO 4x4x4 3712  1024Extrapolation [68]
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